ED 173 092 




Esaas 



SE 027 B99 



TI.TLf! 



INSTITUTION. 

SPONS Ag\hcY 
POB -DATE - 
NOTIi . . 



School Mathematics Study Group/, Dnit Four. Chapter 7 
- Equations and In^quaiirie's. (chapter 3 - 
•Conqruenc'^. ' s- * . \ 

Stanford Univ., Calif. School Math^marics Study 
Gro up. * : ; ' , 

Nari.onal Scij^'nce Foundarion, Washinq.ton> D. C. 
6 3/. ' ■ , > ' ^ 

111 p. { Not available in ,aard topy dn/- to small, liqht 
and broken" typ5 ' ■■^z 



SOPS' Pi<IC£ 
DilSCRIPTORS 



IDENTIFIERS 
ABSTRACT • 



MFO 1 Plus Postage. PC Not^Availahl?^ from EDPS. 
♦ Alqebra ; ^Conqruence ; C urij^ uluin ; G^^om^^tric 
Concepts ; *Inequalities; * it^^tru*ction ; Mathematics 
Education ; Seconda ry Educa ti^Jr.; *S9C0ndar y School 
Mat heai<itiC3 ; *Texr.book3 
♦School Mathematics Study Group 



This is^ unit f^inxof a f i f t evn-jinit SKSG S9conda,ry 
school text for hiqh school stu>i<;^^is. The text is devoted almost 
enrir^-ly to matheaatical concepts viiich all citiz^rns should know in. 
order to function satisfactorily injour society. Chap tc-r topics • 
include equations and in-^quarities (an>d cono^lT^i^. (MP) 



5^ 



i 



* ■ ■ ' . 

* Reproductions supplied by EDR S , at t he best that can b-^ mad^ * 

^ . fr^^ni th- oriqinal iocum^^^nt. ^ ^ 

.* • . 

■ • - •* ■ • , 



SCHOOL 
MATHEMATICS 
STUDY GROUP 



1 



u s. 6epabtmentofmeAltm< 

EDUCATION ft WELFARE 
NATIONAL INSTITUTE OF' 

EDUCATION » 

THJS DOCUMENT MAS BEEN REPRO- 
DUCED EXACTLY AS RECEIVED FROM 
THE PERSON OR ORGANIZATION ORIGIN-' ' 
aTING IT POINTS OF VIEV/OR OPINIONS© 
STATED DO Np:J>19ECESSARILY REPRE- 
SENT OFFICIAL NATIONAL INST I JUTE OF 
EDUCATION POSITION OR POLICY- 



"PERMISSION TO REPRODUCE THIS 
MATERIAL HAS BEEN GRANTED BY 



TO THE EDUCATIONAL RESOUR 
INFORMATION CENTER (ERIC)." 



UNIT FOUR . 

Ch^ter 7. Equations-and Inequalities 
Chapter 8. Congruence- 



CO 




2\ 



J ^ ' \ , T/«LE OP. COOTKNTS ^ if 

. 'Chapter J. EQUAT-IONS AND-'INEQUALITIES . .• . \^ i * 1 

^ T-l. Solutions o^; •>^^yffl9tical. Sentences . .» , . . /. . . / . ■ '1 ' 

7-2.-' A Systematic ^^^3h®d' -of Solution . . . . . ; . , ' ,;5 

'-^-3. Simplifying-- . 1 ...... >r : .... . . . i 1. . ; 

► 7-^. . English Sentences "^n^ MatherrStical Sentences ^.l^'i' 

. 7--5.' . Innequalities . . . . . . . -. . . . . . . _ . . . . . . . . . *. . " i J" " 

7-6*7^ Apj^oximating Solutions-' . . V . . , . ^ ^>25^ 

7- 7 •• Summary / . 27' 

'■ ( * ■■■■■ / ■■• ■ * 

Chapter 8. ^ CONG^JJpiV''^ • it ........ . 31 ; 

. 8-^.' Va' P(6ad Buyidifig Problem. . . . .'■ .'V . . . . . ■ 3]^. 

8- ^^. . tongru en tf Segments ^nd Congruent Angles' . . . , .'^^ . ... . . 3I+ 

3-3 i ■ A4ditior/-ai^d Subtraction Properties for ^S^gments . ... ^. . "37' 

8-U.A. ^Adcfiti'oj^^ha.'Subtraction Pi;operties for Angles . . . f^. . . . 1+1 

^8-5. \ . Gopyin^'T^ahg^Jes ^ .*...........-. . '. . U6 

8-6,-' V Congruent Triangle^, an^ Correspondence . . . . ' "^51 

•9-7. , \Spme Applications d^^ Congruence .............. v. \ 61^^ 

8-8. Coh^ru^nt t'igures and Motions .!..'..'. 65 

.8-9., :.Orientation^. . . . . . \ - . . t -. 71 

v'\ • W ' . ' " ' ■ . 

• 8-10.,\' Con'gruencre t>f a Figure with Itself .r\ . . 72 

i ff-ll. A BisectdVs. and Perpen{^cula*'j-s . . . . . . . / ." . . . . . \ . / 83 

8-12. t Writing a. 'Proof ... .... .r-. . . . \ 7^. \ . ■. . . . . . 87 

^ Q \ ■' • * . ■ ■ ' * ■ ■ ■ . ' * 

o-i3 Opnstructipn of Rhombuses ' -. .. : ■ . ' . . . . . . ' . . . 93 

8-lU. AUJseful ' Property Qf 1i^e Rhombus' . . . , \ ' 99 

8-15./ A Shortest, -Path Problem"' . '. ^ . IQI" 

8-16, SurrAa^- ■. \. ........ I . . . . V \ . . ■ . ^ . >^.W ^ ..lOB 

,\ ' ■ ■ ... ' . ■, ■ ■ 





ERIC 



: ^ 



■Chapter 7 



EQUATIONS AND INEQUALITIES 



7-1. Solutions of Miathematlcal Sentenced 

In previous chapters you. have graphed functions like 

f ■ ^ ->-'3> and 




g : x-*Jbc + 1 
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From the graph, it is clear ttat for an input of 1 ^the c^Jputs of the' 

functions "^f and g are exactly the same, namely . 3. "there are many real- 

■ ■ ■ *>■*■' * 

^ife problems which lead to the question, "For what^ inputs,, if any, 'are the 

outputs of two .functions the same^" This situats^on^.is often represented by 

an equation (sometimes called^ 'sentence ) , suctT^as, ; ^ / . - ' 

However, 'the quest io^ still remains the same. For two 'givei^fuhrrtioai*, is" 
there an input su'bh that the values- of the funtitioric are \dentical? 



/ 



■ r 



If we replace the yai»i.^le by a nufnbiy, tlien^'.the equation bec( 



poriies->^a 



statement whicl^ is ei^ther true or false, but not bot\ . In Tijost cases^, it "is 

. : .-. ■ ..O.I-'- ■■ 



J- 



possible to dejAde whether a statement is true or false by doing 'some simple 
calculations, or by inspecting the given statement. In some unusual cases 
more complicated calculations, or analyses:- are needed to determine whether 
the statement is true or false. ■ 

< 

There" are some, eqiaat ions where it is ^ot possible to find any inputs, 
.that will result in a. true- statement.- For example, consider the functions 



■2, 



-2. 



and^he equation. 



It is easy to see frcrm fhe. graphs of the functions -bt^ow that there is no 
input which will result in the same output for these functions. 




There are als^o some equation^ where every ^acceptable input will, result 

ons 



Ln a Vrue statem^t . For exa^le, consider the function{ 
..." h : ^ -> ^x + 6; 

.g : X -->2(x 



and the equation^ 



2x +• 6 = 2(x + S), 



Since the' grapjis Of . the two functions, -h and g^-^ are identical, any 



acceptable input will result in 1>he same output for^each function. v 



■We call the set of Inputs which result in true statemeats the solutions 
or the s. solutiot» set of the sentence, you can see this set can have 'no -., 
members, one member, or more than one member. One of the purposes of this 
chapter is to develop some organized methods to find the solutions of some* 
simple sentences in one variable, ^ ^ . 

Exercises 7 -la " ' - 

y . (Class Disc\ission) 

V/hich of the following statements are true? Which are false? 

. 1, ' 1+ + 8 10 + 5 . \- 

'2, 8 + 3 AlO + 1 ■ , . 

' ' ' .1 _ ■ . . 

3. 1+ + 8 ='8 + 1+ ^ ^ 

^ 1 ^.G G (The symbol 'V" lis read ''is not equal to",) 

1 ■ ^5 1 ■ 

6. f ^ 85 ' 

7, 13 + OV 15 + 0 . 

8, ^ 12(5) V 5(12) ' V 

9. ' 7(6 X 3)' = C7 y^ G) X 3 ' 

10, . 8(|.i) =*8(i) . 8(i) : . . ^ 

11, 65 X 1 = 65 ' • . ' 

12. 13 X 0 = 13 . 



13:" §(7)^2(i) 

5 5 



.15. 



? 



■/■J 

Exercises 7-lb 



In each of. the sentences in Exercises 1-8/ determine -wfiether replacing 
the - variable(s ) by the suggested value(s ) results in a true Sta-tement or a 
false statement. 



1. 
2. 

3.' 
h. 

5. 



\ 
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. 7 + X - 12; let X be. ■ 5 

7 +*x y 12; let .X be 5 

y + 9 ?^ 11; let ^ y ^ be '^6 ' 

t + 9. = 11; let ' t be ' 6 

(a) let' x "be. 3 

(b) . .let X* be v^ij. ' ' 
2y +. 5x = 23; ^ ■ . 

(a) let X be and y be 3 
X be 3 and y be h 

(2a + 4) - b; 
E^) let a be 9 and b be 9 

(b) let a be 3 and b be 9 

5m + x = (2m + 3) + x; let x be k 



To the right- of . each sentence below is a set of inputs which contains 
all of the .numbers belonging to" its solution set,, and possibly some that do 
not belong, to the solution set. Find the solution s^t of each sentence. 




9. 


3(x + 5). =^17; 


(0, \ , 1 ,1} 


10, 


X? - (i+x - 3) = 0; 


(1,2,3,1^} 


11. 


"2 17 

X +'g--^x = 0; 


'(1,2,6, ^} 


12. 


x^+ - = 2; 


. {1,2, 3} ' 


13. 


x(x + 1) = 3x; 


(0,1,2} 


A. 


/-^ = 3; . 


(0,2, 1^}, ■ ■ . 


15. 


X. + 1 = 5x - 


(1,5,2} ° ' 


16. 


X + 2 X + 7"; 


(0,2,3} 




4- 



'8 



7-2.- A Systematic Method ol- Solution , " ' . 

Finding the solutions of • sentences by graphical methods or "by trial 
and error has ^me weaj^nes-ses . It is difficult to find the solution 
•set of a given sentence by graphing ii", the solutions are not integ^s. It 
also difficult to gx/ess such a solution, except in very simple cases. For 
example; to guess ^hat _ 'is the OEQy ..solution of the equation > 

would be difficu/t'! are not saying that the techniques of graphing- or 

guessing are not useful. In fact, they can. be. the only methods available 

to us to find an approximation of- the solutions of some equations. However 

we. need a ■more efficient way of finding the solution set of equations like 

the. one above.. '■■ * : 

... , . r • 

Consider/ . for example, the equation- 2x - 3 = 7- We first rewrite 

>- ' 
this, equation as follows : . , . ^ .• 

2x + (-3) = 7^ ■ 

■ ■ ' \ . ■ » ■ ■ ■ V 

This sentence assc^rts that for sbnie. input -the outputs of the two 

functions.- ' ' 

f : X -^2x + (-3) ■ ■. . \ ^ : 

ar^ g : x -^7, 

are equal.. Since the outputHof the constant • function g is always 7, 
for any input, ve are I'boking for an input, x, such that the value of the 
output . of "^T^x + (-3), 'i^ 7. . 'I ■ . ■ . f 

To get thji expression., 2x + (-3),. we see that" we staTK:ed wiih .a 
number, 'X, ' 



multiplied by 2, 



multiply by 
2 



2x 



and then added the opposite^of ■3- 

multiply by 
■ , ^ 2 



add (-3) 



llow the equation ^ . . ^ 

2x + (-3) =7 . . , 

tells^us that we want the value of the o\itput, 2x + (-3), to be 7. 

• multiply by- 2' add (-3) 



t 



2x 



2x + (-3) 



Reversing our' steps we find' the value of the output in the second box^ 
r multiply by 2 ' - add (-3) 



2x 



2x + (-3) 



7 + 3 



^a^^i-^pp(-3) 

and then t|ie value of the output in the first box. 

multiply by. 2, add (-3) 



E]- 



2x 



2x + (-3) 



5(7 + 3) 



7 + 3 



multiply by . 
the reciprocal 
of 2 



add opp(-3) 



We now list the successive outputs in equation form: 

2x + (-3) = 7, 
. ^ • . 2x V - 7 + 3, • 

• ^ (7 + 3), * 



or in simplest form. 



= 5. 
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At each successive gtep we ar6 asserting^that for some input the values 
of the outputs of -the pairs of functions, * „ 

• (1) X ^2x + (-3) and x ^ 7,• 
(2) x ^ 2x - ' and X ^ 10, • ' ' 
■ and (3) x^^ x r and x ^ 5, ' ^ • 

a/re the same. Jn fact the same input does this for each pair of functions 
as shovn In the graph below. Thus we are able to say that the>solution of 
the sentence x = 5 is also the solution of 2x + (-3^ = 7. Such equations 
^v^ng the same set of possible inputs and the same "^solution set are called 
equivalent equations , 

> ■ Y ' 




* ■ ' . • ' ^ • . >• ' ^ • .. . ' 

, - ^ ■ . ' ^ Exercises 7-2a "^ 

(Class Disciassion) - * 

.. Solve the following equations. In each case show thef^propriate. 
boxes. ^ ^Finally, express each solution. in simplest form, 

1. .2x+7 = 15' 3- ^(x+|j=8 . - °V 



2. 5(x - 3) = 2 ' . ; 1|. ^ = 



= 3 



.> The^ method used to solve the above equations, although limited irj the 
. kinds' of equations it can deal with, does identify some pf the basic pro- 
cedures we want to develop in our more systematic and useful approach. 
Namely: . . „ . ^ ' ^ 

(l) it indicates that addition and multiplication are 

, basic t^ simplifying the expressions of an equation- 
r and -suggests an 'acceptable order for using them; 

^^(2) it emphasizes the fact that, our goal is to find .a simple ■ 
^ ^ eqtiation of the form x. = c where the .solution. seV is 

ep,sily recognized. ' « " * 

The^oxes used in the preceding exercises were introduced as-^an aid 
to learning. Now we will learn how to* solve eqioations . without the use^of 
the boxds. f ' ^ . ' 

Consider/ the sentence ^ * \ , -> ■ 

5xY (-2) = ■13.' ' ^ . . ■ " / . ■ " 

If wc ^s^^ for the input x, the values pf th^ outputs of the two functions 
and ^ ' ^^5x ^ (.2). 

. g : x-^ 1> ■ ^ \ . 
are 5(3)'+. (-2) and 13,, - ' 

and the sentence becomes a true statement ■ ' — 
V_ ' . ' 5(3) +'(-2) = 13^ 

.Th£r.li is" if[ 'x is replaced by<a solution of the equation, then . , • 
■ ."5x + (-2)" and !'13" are two different names for .the same number.. If 



12 



■ x Is. 3 , we can multiply by\ lO and get '. ■ 

'• • , ' •"(I0)(5x + (-2))'",6nd "(10X13)" " . ■ ■ : 

• Which are .two different jiameg for the same number,. I30. If x .is ''3, 
then we c^n add 30 and g^t' *'/..■..." 

• ^-^ ■ "5x.+ (-2) 4- (30)" and "13 + (30)" • - •' . 

which are two different names fdr the same number, k3 This" situeition' 

• • will. occur only when the .number .replacin'fj " x is. a solution of. the given ; " 

equation, in this case 5x + (.2) =: I3 . 

• ' • Exercises 7-2b ^ ' • 

• • (Class- Discussion) 

The firs-^ statement in each exercise is a true statement. 

1. .(••10 + 5). - 15.. Are ^)(10 + 5)" and "(9)(l5)" two different- names 
for the same number? 

'■2* ■ = 12 + 1. Are "2 + ■ and ''2 + (12 h- l)" two different names for 

the same number? 

3.^ ^,721,652.= (3)(l,573,88i^). Are "11,721,652 + 5,61i9,72l" and 

' "(3)(1,573/881^) + 5,6l;9,72l" two different names for the same number? 

v. (i|, 721,652 ' 2,510,3^+2) =2,211,310. • , 

Are "(3,281|,621)(1|,721,652 - 2,510,3^^)" and "(3,281|,62l)(2, 211,310)" 
. _ ■ two different names for the same number? 



• In the process of solving equations using the boxes you saw .that 
you could use the "operations of addition or multiplication . to simplify 
the expressions in the equation. The best part of that .process was being 
able to see what steps to take to undo or simplify the' expressions in the 
.•^equation. . Basically you looked at an expression like 2x + 10, decided ■ 
what steps you would take> starting with x, to construct this expression, 
and then' you reversed the steps to simplify it. Now let^s try to-do this 
without the boxes and develop a method that will solve many more equations. 



9 



13 



Example ; If there Is an Input, such, that 

> . ' ■ . ■ 

■ ■ x-= 3 



is a true statement, then' does the same 'Mput • 

also make the followiqg equation a true statement.: 

_ y 

^ 5x + 2 = 17? .-. 



(1) Start witK ' x = 3; 

(2) .Multiply by 5. ■ ' (5)x = (5) 3" • ^ 

*(3) Add 2. ' 5x +.2 =.15+2 , 

• .-.«■. 

x;^'/ . or 5x + 2 = 17. 

Now 'Start with • 5x + 2 = 17. . 

(5) Add C-2). 5x + 2 + (-2) _= 17 + (-2) 



or 5x 



(6) Multiply by.^ 



= 15. 

(i)(5x) = (|)(15) 



'5 
or X 



= 3. 



1. 



' Exercises 7 "20 " . • , • 

(Clg.ss Discussion) 

Starting with ^ = 5 . show how you can get 2x + 3 = 13- Reverse the 
process- and show how to get x - ^ starting with 2x + 3 = 13. 

Starting with x = 6 show how you can get 3(x - 7) = "3* Reverse 
the- process and show how you can get x = 6 starting with 



3(x - 7) = -3.- 



/ 



Starting with x = , show how you can get 5x + 2 = 9. Reverse 
the process and show how you can get x = starting with .5x +2 = 1 

Starting with, x = -2, show, how you can get 5 - 3x = 11. Reverse 
the process and show how you can get x = -2 starting with 
5.- 3x = ii; . ' ■ . ' ' • ■ 



We now- have ,^ihe basic parts. our more s^tematic method • of finding 
the solution set of an eqiaation. We'^ill suromarize the procedure that has 
y^een- deveii^ed t'hus far. ' ^ . 

>rtl) . If a sentence, like • 2x + 3 = 17,. Incomes a true statement 

for some l^iput ' x, ' then we can a4d any number to' the number 

^ • / • . ^ 
on bdtth sides of the sentence and the resulting sentence will 

be a true statemj^nt fo^the same input x» 
(2) If a sentence, .like 2x + 3 = \17, becomes a true statement 



for. soTO^input x, then we .can multiply the number 'oij both 
s.ides' of the sentence by any nonzero number and the .resulting 
sentence will be. a true statement for the same input xJ 

(3) For each step in the simplification we select one of . \ 
the operations, addition or- multiplication, ■ and a number such 
that an indicated operation in the sentence is undone, • 

(h)' If the operation to be undone is the addition of some 
number, then you add the ^opposite of that number to the 
number on both sides of the equation. ■ , 

(5) If the operation to be undone is multiplication by .some 
• number, then you multiply the .number on both sides of the ■ 
• equation by the reciprocal of the. multiplier. 

Now our work could be arranged as follows : 

If 2x + 3 = IT - is a ti-ue statement for some input x, 

then 2x + 3 -t (-3) =.17 + (-3) is a true statement for the 

same input x, 

2x + 0 - ik is a true ' statement for the same input x, 

2x = {'^){lk) is a true statement, for the same input x, 
X = 7 is a true statement • for the same input x. 

The solution set of the last aquation is (7). Since each step is 
reversible, {77 is also the solution set of the first equation. We know 
that each step' is reversilDle since every number^ except zero, has a 
reciprocal, and every number has an opposite. ^ 



■ • ■ ■ ■ 

/ Find the solution sets of the following equations. Show your work and 

be sure that each step is reversible, ^ . 



iiy-+5 = l+5 6. 12n^- 5 = . . \ 11. 



3 = 



_ 2 



2 ■ 



2. ^ .12 -y- 8 7.' x+|"=aO-. >^ 12. . .08d = 73. '^-^ 

3. ' . - 2 = 10 '8. y -|-.| \ 13. |. x=:lT ". 
1;'. • n - 5 = 7 ■ • .9. ^ = 1 + X ^ 14. 6 = ^ 

5. . iin - 5 - 7. 10. x.> (- |) = (- ^)--' 15. 6.2 + x = 1.12 



7-3.|^ Simplifying . 

Sometimes we iare asked to findjthe solution of an equation like 

» i;x + 5 = 3x + 2. ■ . - ■ 

In other words, we are jfooking for an input x such that the^ outputs of the 
functions ■ , " ' 

f .: X i;x + 5 ' ^ ' ' ' 

. and ^g' : X 3x + 2 . ■ ^ '■ 




X 

are equal for an input of -3-. 



are equal. From tn^ graph below we see that th^ outputs of the two functions 




16 



>1 





We can also use our systematic approaoh to find the solution set of 
such equations. 

If Ux + 5 = 3x + 2 is a /true statement for some inp;al*^x, - 
then hx, + (-3x) + 5 = 3x + (-.3^) +2 a true statement for the same 

input X, 

- . X + 5 = 2 is a true statement for the same- input x, 
X + 5 + (-5) =r 2 + (-5)^ is a true statement for the same input 
X = -3 a true statement for Ihe same input 'x. 

\ . ^ . ' * 

The solution set of this last sentence is {-3}. Since each step is re- 
versible, the solution set of the original sentence is {-3)-, 

Consider the sentence' ... 
. ' ■ ' 2 + 3x =^3x - 1. . . 

Let's find its 'solution set, . ^ 

. ' If" 2 + 3x- = 3x .-1 is ^ t^e 'statement for some input x, 
then 2 + 3x + (-3x) = 3x + (-3^) - 1 is a true statement for the same 
. . • input X, 



13 



17 



y 
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J. i • .2 = -1 is a ,trup statement for the sam& input x, ■ ^ 

Obviously there "is no -input . that viXl make « this statemeVit true. The graphs 
-:^f ime two .fimctionS, . f : x^-> 2 . and^ g - ^ x ->»t1 " - ; \'\ . .'■ . 



V 



, ' ' " 


1 » • •. ^ ^. ♦ • ■ . ■ • • • 




. . . -v ■ 

1 ■ ■ ■ - ,' 


—5— — — ^— —r- — 


1 ■ 2 . . 


-2- 


" ^ / . g ' : X ^1 



also verify that no input exists that will result" in equal outputs for these 
two fimctions. In this case we say that the solution set 'of the original 



sentence is the empty set-, ^, 



Exercises 7-3a 




(Class' Discussion?) 



Simplify' each of the following: 



1. 

< 

2. 
3- 



2x + 3x 
(-2)x + 3x 

. -X + 



i,. -X + (-2x) 

* 5- '5x + (-5x) 
6. 7^x).+ (-5x) 



.^^^^ ^Exercises 



2^ 



.Find the solution sets of the following equations. ' ■ . 
i. 

1. - 2x +^3 = X + 2 (tjse the graphical method and then' solve algebraically • ) 

' . <, * 

2. 2x + 3x + 5 = 9 



3-^- 2x +.3(x + ^) = 9. 



lU 



\ 



« 

1.' 



■ 1 

2x + 7 = X • 

• . ■ » . . 

t = 2x + 6 

3x + 5 = 2x 



\ 



rl2x . (_::6.) = 7x + 2\ 



8. 9 ♦ 8x + (-3x) + 2 = 7x + § 



9. • 5y +• 8 ==^7y + 3 + (-2y) + 5 

10.-^ 2y + +.7y.= 8.+ ( -9y + (-10^. +a8y. 



7-i4-.- English Sentences and Matheinatical ^ Seirbenceg • . ■ ■ 

Mat^ieraatlcjal sentences are used In many ways In many different; fields. 

• • ' ■ *• ■ • - ^ " * / 

Eqiiat ions* serve as models of ele<y;rlcal circuits, weather patterns, and to" 

describe what Is happening in a cancerl ceTllVNs^One of the Important steps In 

constructing mathematical sentences, that can serve as^^jjaodels of real life 

situations. Is the translation of English sentences Into mathematical 



sentences.. 



A fiVst step Is ..to Hearn to translate English pjfrases into mathematical 



phrases. For example: • * 

Write a mathematical phrasej that can serve 'as 
a model of tlfe English p3i-ase, " "The sum of twice 
a number and-c^even" . * . • 

You can think of the translation of mathematical ■ phrases as 'a ^erles of 
function machines that are* hooked toget^r In the foilowing way* Put - 
a number n In the first machine. Then let the output of the first 
maClifne bec-qme the Input of the se'cond machine, and so forth* 

■ ■ ■ ■ - ■ ' . ' \ » ■ ■ ' 



multiply 
•by 2 



2n > 



add .7 



2n + 7 

■15 
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Exercises 7"^a 
^^.^ (Cl^aBs Blscuss^on) 



' 1 te ma.themat Ic a l" ph rasLe s,„^pi^es^t Inp each of the following, 

^. 1. ' A number added tc^^^^^ur. ' • * ^ V 

2* A number increased by seven, 
\ ^ (1 * ,^ , y . ' ^ , 

• 3- Five -subtracted, from .ao number. ' > ^ • ' 

14-. s A numberosubtracted^ f rom five. ^ . / 

■ . ■ ' ' ^ ' - ■ . ''^^ . '^yj^ ^ 

5-. ' Tlae product, of nine and a number, « ' ' . ; ' 

6. - A numbeissubtl^cted from twice the number. • ^ , ' ' ^ 

7. The quotient of three^^ti^s a number and 2, 

8. ■ Jncrease two times a number by 3 • " . ^ . 
>9» I Ten less than seven times a number, .. x 
10, < ^fjfie amount represented- by the .quotient, of eight times a number and 5- 




te^mathematical sentences tha\ are models of English 
sentdhces "we' usual J.y are -.translating sentences that say, .for some sfet "of* 
inputs^Xhe output of one function is equal to, unequal to, less than, or 
greater^^ait^^^ ^he"^o u^ of a second functioti. The verb forms ^n these 
sentences are represented by the symbol^ =, and >. ' 

* Example : Conside»r the problem, "The *sum of a certain nmber 'and 
eight is* equal tb two mo're than the product of four and' 
- the.' number. What is the number?" If we I'fet ;X represent 
a numb.er, then we can identify two functions in the 
above statement;' * ' . ' 

f : X -> X + 8 and g : x -> kx '+ 2 , ' . 

The problem says that for some input x the outputs of 
these two functions ar^ equal. Mliis situation is ' v 
represented by the equation . 

•■(■/• ^ 

Vx + 8 = l).x + 2. 
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Solution ^ ■ < X + ^8 = i;x + 2 ' ^ . 

' V. x'Ve + (-8) = \x.+ 2 + (-8) 

' - ^ (-^x) +■ X := '(-^x)''+ 1+x -6 



>4i 



* .V 



^(4)(-3x) ..^ i),(«6) 

X = 2- . • • 



. . ^< Exercises 7"^'b ' ■ ■ ■ \ 

For each of the .following ^problems w'^te a mathemtlcal sentence 
which can serve as a model of the situation. Then find the solution set 
of each sentence and ' gi:ve--tllH--aii§wer to the question..,, .. ^ . ■ 

1.- If one. is added to twice a boy*s^e the result is nineteen. What 
is the boy's age? . ^ 

^ 2. " A number is increased by 7 and thl^. sum is tripled.' The »re suit is 

decreased by 5 and ^e differ«ij>^ is divided by 1;. The final result 
IS ' 8. .\vfhat is the oririginal number? 

3- • . One number is three times as large as another number. Their difference 
is 12. What is the smaller number? ^ " ' 

h. A board ii5 inches long is to be cut into ttwo- pieces so that one' 

piece is 3 inches longer than the other. Find vthe length of each . 
piece. 

5* The sum of a riumberNand twice that num^i:.^ 2?. What is the-^umb.er? 

: i 
6. Take a number/ Add 5 to it and multiply the result by If your 

result is 1+8, then what was the original number? 

?• The sum of three numbers is 83. The first. number is double the 
^ second an<4-the third number is 7 more than the second. Find the 
three numbers* , 



8. 



Two cars start from the « same point at the same time and travel in the 
same direction at constant speeds- oi* 3I+ and. miles/per hour, 

respectively. In how many hours will they be 35 miles apart? ' 



, . 17 



: • ^ ' " ^ ^ % 

9. A student has test grades of .75 and 82. *fha-1(^^rmist he sci<^¥'on'a 

■ , >. > .. ■ " 
third test to have an average of 87? t = '^^c^' •> ^ 

-.10. ,Mr. Jones prcwiised that' when. tj;ie family went to Southern California in 
• the sutnifler, Johnny could spend ' 5 days all, by himself in Disneyland,. 
Knott 'if^Berry Farm and Marl neland.; Johnny» saved up the money io spend 
on the' trip. On .each of the five days,- in the .morning before Johnny ■ 
&etj out, Mr. Jones added $5 to 'the ' amount Johnny already had. .^lach „ ^ 
da/ Johnny limited himself to spending half the amoimt he ha«* when he ( • • 
set .out in "the morning. At the end of the five days Johnny found that 
he had exactly $i+.85 left'. How' much was it that Johnny had saved ^ 
up to spend on the trip? •. ^ , ^ ■. 



. 7-5 . V Inequalities . . / ' . v • 

In many mathematical sentences\^e order symbols, < or >, and the 
symbol / appear. Some -examples of inequalities are 

• ' ' ' 3x - 7 < 8, 

■ ^ 2x--> h, 

■ and . X' + 2 / 3 . ■ 

These are read "3x minus 7 is less than 8", 
"2x i_s grea'ter than i+, 
and "x plus 2 is, not equal to 3". .- 

We will find that the sentence 3x - -7 < 8.' will become a true state- 
ment'^or some values of the variable" x .and a false statement others. 
.The values .for which the^ sentence becomes a tr^we statement are called the 
s(flutions of the inequality. Thus, if the input x is replaced by "3 in 
the function- 

X 3x- - 7, . 
then the output becomes 3(3) - 7 which is 2. Since 2 .is less than 
8, the sentence 3x - 7*^8 becomes a true statement when x is replaced 
by 3. Hence 3 ^is a solution of the inequality. To' find some others 
lot's look at the, graph* of the two functions 

f : X 3x - 7 and' g : x 8. 
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g f : X 3x -7 



It is clear that the values of the .two functions are equal for an 

■ ■* 

input of 5. It should be clear,- from the graph, ■that'^^Snly for an input 

l^ss than 5 is the output of f-: x-*- 3x - 7. less than the output of 

-g : "x-^S. Furthermore for every number less than -5, the output of f 

is less. than the output of g. Therefore we say ^hat the solution set of 

the sentence 

. 3x -.7 < 8 " ' 

* * » 
is the set of all numbers less than 5,^ We can represent this set on the 

number line as 'follows: ' ■ ' ' 



-6 -5 -3 -2 -1 0 ^'1 2 . 5 ^56? 

The open circle means that '5 .is hot included in the solution set. - 



SinL-e the output of f : x-^-^x - 7 is greater than the . output of 



for inputs greater than 5, and for no other values of 



g : X- 



solution set of the sentence 



-the 



..3x 7.> 
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is the set of rill numbers greater than 5^ This set can be shown on the 
number dine * as follows: . > 

. J— I H 1 i~ 1 1 — '- »- 1 i '■ 1 1 

«6 -5 . -3 -2 -1 0 1 2 3 ^ .5 ■ 6 7 8 

■ ■ ■ • ■■.."■/ 

Exercises 7-^a 
' (Class Discussion) 

Using a graph, determine the solution sets of the . following, mathematical 
sentences. "Represent the graphs of- the' solution sets on the number line. 

1. ■ 2x - 2 = -3x +• 3. ■ 

■ ■ < . •. ■ . 

2. ^ 2x - 2 < -3x + 3 • ■ 

3. 2x - 2 > -3x + 3 



It is possible to find the solution sets of - inequalities in a manner 
similar to the'' method we developed for equations. To do this we need to 
Recognize two properties of order. Let us fix two points, a and b, on 
the number line with a < b. . 



If we add the same number _c to, a and to. b, then we move to the right 
|c| units, if c is positive ,- and to the left lc| units if c Is 
^ negative . 

-— IcI^ .-r-|c|— -IcI-^ . ^|cH 

^ —I 1 1 • 1 1 ! 



a+c b ". . b+c a+c a b+c 



In both 'case& a + c- is to the left of b + c. Ve S'tate the following 
property of order. - - • 

Additive Property " of Order > if a, b, c, are ' rational 
numbers and if ' a < b, -^hen a +. c < b + c. ' 
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• ^ ' Exercises 

(Class Discussion) 

'Apply the additive property of order to determine which of the / 
following statements are true. - 

1. (- f) + ^ <{- \) + ^ 

2. (- f) + (-5) < (- + (-5). . , 

3. (-5.3) + (;2)(- \)'<\-p.h) +1 

Iv. Illustrate the additive property of order, xislng .the number line, for 
' a = "3j b = 1 with c having successively the values -2, ^ , 0, 
3. ^ 



We can use the- additive property of order to find the solution sets 
of inequalities in the following way. 

Example : Find the solution set ofx+3<l.. 

ir.x + 3<i is a true statement for some 'numbe r. x, 
then X + 3 + (-3) <.l + (-3) is a true statement for the same 

number x, ■ . ' 
. X < -2 is ,a true s^tatement for the same number x. 
Since these steps are reversible the . solution set of the first 
sentence is the same as the solution s^et of the last sentence, 
namely, - ' 

the set of all* numbers less than -2. * ^' 

Exercises 7'^c 

Find the solution sets of the following sentences. Graph the solution 
sets on the number line. 



1. 3 + X < (-1;) . |. (- I) .+ 2x > I + X 

L 3 . 3 

2. . C-3) < X + (-2) ' (-2) + 2x < (-3)-.+ 3x +-5 

3. 2x < (-5) 4- X . -7. (- (^) > x + (I) 




If eaoh. of these numbe/if^is fnaltlplied by 2, the , inequali-ty /'^ ci^' 

: ./ ■ ; • ' ^ • (5)(2y < (8)(2); . - 

or 10 < 16, , , ■ , • 

is" Blgo a true statement. . ^ * " 

' Exercises 7^5d " . \* . 

* . ^ ■ \ : ■ * I 

. ' * . * . . ^ (Class Discussion) , * ■ ' * - 

• " . Complete. Exercises 1-6 by inserting an inequality symbol "<" or 
to -make a true 'Statement'. ■ • ^ 

1>. (a') 7 -10 (a) -7 • -2 

(b-) 6(7.) _6(10)^ (b) 2(-7)' ^2(-2)^ ■ ■ 

2: (a) -9 > 5. (a) . -1 8 ' < 

(b) 5(-,9) _5(6) ' . (b) -3(-l)- -3(8) 

•3. ■ (a) 2 _3 V 6. (a) -5 -1+ ■ : 

(b) -U(2) -U(3) (b) -6(-5)' -6(-l+) ■ 

-N. , , 

7. Look at. the two parts«of each exercise. 

{a) flpn which excfrclses did you use the. same inequality symbol in (a) artd 

, (b)? ■ : . ■ ■ '\ . . ■. 

(b) In which exercises did you. use dii'ferent symbols in (a) and (b)? 

(c) Choose one example in which you used th'fe same inequality symbol and 
one in vhich you 'used different symbols. Can you see what caused^the" 
difference? ,. ' • " 



The above exercises suggest another important property of order. 

Multiplicative Property of Order .. If a, b, and c arc 
■ . ■ .rational numbers and if a < b, then • • 

< . : 1 ac <" bc^ if c is positive;* • ■ 

be < ac, if c is negative. 

We can use Ijoth of the properties of order to find the solution sets of 
sentences like • ' 

. - . 6x - U5 < 105. 



'If 6x + (-i;5) < 1G)5 • is a true statement for some number x, 
then 6x + (-^5.) .+ ',(^5) < IO5 + i^^)' is a true statement for the . same 

number x, ' ' 

, 6x < 150 is a' true 'statement' for th-e same number, .x,. 
(-g) 6x < (-g) 150 is a true statement for the same 
number 

' x*< 25 is. a true statement- for the same nixmber xt • 
• Since .the steps are reversible the solution set of the sentence 

6x - .h^'< 105 , ^ 

is the set of all numbers less than ' 25. 

" * . . ■'.>■' 

Exercises T-^e ' ' 

Find the solution sets of the .following sentences. ■ 
' 1. . 2x + 3 < 9 ^ ^ N 

2, 5x -'8 < IQ '. " . , 

3. 7 -'3x.> 2 . . : ' ■ - . . . 
h, . (-2x) + 3 < -5. • ' • 

5. (-2) 4- (-iix) > (-6)/' - " . . 

6. 7 < (-2x) 4- (-5) 

7. 5 + (-2x) < iix + (-3) / . ■ . - 

' . .■ ■ ^ ' ' ■ ' ■ « • 

./8. 5x + 3x - 9 .< ^ - , . • 

9. ' (|) + .(- f ) < ;g) + (-3x) 
10. x ' 2x + 5 +. (-i^Kx + 3) < 6 . ., ■ / 

/ Trans^te the folXowing situations into mathematical sentences and'solve. 




11, yjohnny Jone^ Ijad a bunch' of dimes and one half-^llar, yln all he. had 
more than^d dollars'. How many dimes must he have had? ' 

12. Johnny is,. 2. .years older than Sally. The s\m of their ages is less 
■ than their father's age which is . k2 ^ years. How old is Sally? 

13- .If Johnny is 2 years older than Sally and the sum of their a^es is 

greater than their mother's age which is 39 years, how old is Sally? 



ik. The lines in Miss Jones* grade book for Richard/ Tom and Ann' look like 





First 
Test 


Second 
Test 


Third 
Test 




Richard 


92 


77 


? 




Tpm 


81 


. 56 - 


? 




Ann 


78 


67 


? 





■ Each of thj^ s/tudents would like to have an average greater than 80 
after the'^ird test. For each student' find what he must score on 
the thij^test so as. to obtain an average greater than 80 if this 
is p^s^PDle. (The maximtm score on any test is* 100.) 

15* Dave Hart decides to spen^ the summer vacation earning money for his 

■ college education. He^ figures that there are i*-9 working days, and 
that his expenses will amount to $69*' '-How much does he'^iave to 
earn per c3ay- in order to save a total greater than ^^^70? 

16. 'Mr. Robinson drives a compact car. He finds that he can get 22 miles 
per gallon gasoline on 'the open jroad and 16 miles per gallon of 
gasoline in heavy traffic. On a trip of over. 1^+2 miles Mr. Robinson 
used 7 gallons of gasoline.' How many .miles of the trip were on the . . 
open road? ( Hint : Let x represent a.numbejr of gallons of gasoline 

a car us*ed on the open road. ) ' 

17. ■ Mrs. Tobin has^ large family. She planned a family party at vhich 

she served, turkey and ham. She ordered a twelve-pound -turkey and an 
eight-pound ham. If ham costs I5 cents per pound more than turkey and 
her bill was less than ^10^20, what is the cost of a poiind of 
turkey? ' . . * 
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7-6. Approximating Solutions ■ " ■ 

■ ^ ■■ ■ » . 

• We can also use the grapblcal method to .find solutions of a new kind 

,of equation though It will' usually give only approximate solutions.- Conslde 

the 'following situation: . - ^ 

"Assume that an object thf-ovn vertically downward from the 

top of a cliff above a lake falls according to the J.aw 

2 ■ 

l6x + l+8x = s where s represents the distance that the . ' 
'Object falls duVing the first x seconds. How long does it 
■ take for 'the object to travel the feet to. the surface 

of the lake?" 



The model of the situation is 



l6x + 



6k. 



Multiplying by we get 



X t 3x = 



Adding the opposite of 3x,- we get 

■ ■ ■ . 2 



Here we' grai>h "bhe two functions 

' .-2 
f : X -> X 



and g : x' -> -3x + i;; 



The graph of g is just a straight line. .'The graph of f , - however, 
is curved and we will need to plot' a number of points In" order to sketch 
the graph with rea.sonable accuracy. 



X 


0 


1 


.2 


3 


■ 1 

2 


1 
h 


2 

2 


1 

. 2 


7 
. 2 


k 




2 

X 


0 


1 


k 


9 


.1 ■ 


1 

IS 


2 
h 






■16 





Noting that the square of a number is .the same as the square of its 

2 2 ■ 

. opposite (for example, 3=9 and (-3) = 9) "we" now sketch' the graph.'' 
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We note that there are two Inputs for vhich the^two functions have 
equal outputs, namely 1. and {-h). The only result that makes sense when 
the solutions from the mathematical model are interpreted in the pro*blem 
situation is 1. That is, the object will hit the lake surface after 
1 second. " 

We cEin also s.ee from the graph that the solution set of 

< -3x +. h 

is the set of all numbers less than 1 and greater than -k, since the 
graph of f ■ is below the graph of g in this interval. The solution 
set of . ' 

> -3x + 4 ' 
consists of those numbers, x, for which either ^ t 

X < -i]- or X > 1. 
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of the following 



If these points _did not' have integral coordinates,' then we coiild 
estimate the values of the inputs from the graph. 

Exercises 7"6 - . 

1. Use the graphical method to find approximate solution sets for each 

' ' 2 - f x = 5 , ' , 

2 - I X > 5 . . 

Use the graphical method to find approximate solutions sets for each 
of the following. . . 



x^3^=.2.^x.... 



2 

3 ^ 



3 < 2 - J, 



I X - 3 > 2 - I X 

Use the graphical method to find approaiiuate solutions for each of 
the following. 

x^ = ^ X + 3 
x^ <| X + 3 
x^ >| X + 3 



■.7"-7- ■ Summary — . 

Section . 7-1. ' ' * ' . ' 

An equation may be thought of as asserting that for some J.nput 
the values of the outputs of two functions are equal. 

If a value is assigned to the variable in an equation in one 
variable, then the equation becomes- a statement which is either true 
or false, but not both. 

We call the set pf va].ues that are assigned to the variable in 
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an equation, and that result in a true statement, the solution set 
of the equation. * , . ' ' 

Section 7-2. 

We usually ''solve" equations by finding simpler equivalent 
equations. . . • , • 

Equivalent equations are equations that have the same set. of , 
possible inputs for. the variables and the same solution set. 

We often use addition of opposi-bes and multiplication by 
'reciprocals to find simpler equivalent equations. 

"The statement a = b means ^hat "a" anti "b" are different names 
for the. same number. If "a" and- "b" are names for the same number, 
then "a-. + c" and "b + c" similarly are two names . for a single number, 
a? are "ac" and "be", "^s, if a = b, ' a* + c = b . +. c and ac = be. 
It is also the case' 

(1) if a + c = b + c, then a = b ' " 

and ■(^) if ac =,bc and c ^ 0, then a = b. 

Section 7"'3« 

. When the vafiable occurs in more than one term in an equation, 
the- equation can be simplified m one of two ways : 

(l) by combining the terms using the distributive 

property if they are on the. same side of the equal 

. .. 

or (2) by adding the opposite of one of the numbers to the 
numbers on both sides of the equation. 

Section 7-.^^. . 

One of the important steps in finding a mathematical model of a • 
real- life situation is the translation of the verbal statement of the 
situation into meaningful mathematical symbols. The variables should 
be described carefully. The description of the variable should say 
what it measures, such as whether it is the number of- inches, the • 
number of donkeys, or the niimber of tons of wheat. 

.. . 28 ■ . . ' 
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. Each ■ problem has. three distinct parts in it^ 
.solution: 

(1) the translation, or the crea^tion of the mathematical r 
.model of the situation, ].' 

(2) the solution of the. mathematical sentence or sentences, 

and'^>^) the interpretation of \he solution in the original 
situation/ . . - 

Section ' 7-^. 

It ^is.' customary to call a simple mathematical sentence' involving • 
»»<»» ">'» ■ inequality. The solution sets of inequalities 

usually are sets with many numbers in them and it is sometimes 
convenient to represent these sets on the numbef Line. 

There are two useful properties of order that we use to simplify 
ineqmlities. They are: 

^ ■ 

Additive Property of Order : For any rational numbers 

a, by and c, if ^ a < b, Jhen • a + c < b + c. / 

Multiplicative Property of Order : For any rational 
numbers a, b, and c, if a. < b and 0 < c, then 
ac < be; if a < b and c < 0, then be < ac. 

Section 7-6. 

2 

The approximate solutions of sentences like x = ax + b,. ' 

■ 2 • 2 ' • 

X . < ax + b, and x > ax b . can quite often be.foimd by losing 

graphical ^methods . ' To do this we graph the fimctions ' . , ' 

2 ^ 

/^.' f : X ^ X and g : x ^ ax + b 

and iook at the values of their outpTfts for different' inputs. 
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Chapter 8 



CONGRUENCE- 



8-1- A Road Building Frobl-egu 



A story is told that in ancient Greece there were tvo towns separated 
nountain. It was desired to 
by tunneling through the moimtain. 



by a mountain. It was desired to build a straight road joining these towns 




^ A 



Figure 1 ^ 

The towns, A and B, • and the mountain are shown . in Figure 1. 
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e ancient Greeks used their knowledge of geometry to solve this 
problem in the following way. First they^ picked a point C from which 
both towns A and. B were visible.^ Then line segments v^j^^ drawn 
connecting' C with' A and B. ^ . ' 




c 



Figure 2^ 



On the line Jc they located point D so that the distances from 
C to D and from C to"' A were the same. Similarly they located point 
E on the line so that. the distances from C to E and from C to 

were equal., Thi segment DE ^was drawn as shown, below. 




* * Figure 3 

The ray AP was drawn\<r^that^ ^A had the same measure as ZD.\ 

Likewise the ray BQ was drawn so that the measures of IB and ZE were 
equal. 



Two construction teams started tunneling at P and Q on the same 
level in the directions' indi^c&»ted by the rays- A? and B^". Sure , enough, 
they met in the middle of the moimtain. ' ' . 

In this chapter we shall disciisa the geometric ideas which enabled 
•the ancient Gree'ks to solve this problem. ■ « • 
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8-2. Cong^ruent Segments and Congruent Angles 



A' 



If we let 



• On the edge of a ruler, the tnarks 
. that match points A and B of AB 

B . maybe made to coincide with points A* • 

(read A prime) and B* (read B prime). 
B' This shows that A»B», . is. a copy of AB 

and that they have the same length. In. 
^cither words, they are congruent . 

mean "is congruent to", then we can write: . . ^ 



. A»B« = .AB. 

We use the names A* and B* to emphasize that these, points correspond 
respectively to points A and B. Since AB and A*B* have the same 



length, we can write', "mAB = mA'B'", which means "the measure of AB 
equals the meksuref of A'B*'\ • '. 

^ Definition : For any segments AB and CD, . if mAB = mCD. 



then AB = CD. 
mAB = mCD. 



Furthermore, if AB'= CD then 



We also -use the symbol AB for mAB,. Thus AB stands for the set 
of points which make up the segment, while AB stands for the real' number 
whiph is the measure of the segment. / 





If a copy of ZABC is made on. 
a tracing sheet, it will fit exactly 
on or coincide with ZRST. Then 
the two 'angles are congruent and they 
have the same measure. 



S 



Definition : For any angles i^ABC and ^RST, if 

m^ABC = m^RST then' i^ABC = ZBST. Furthermore, 
if /.ABC = i/RST then m^^ABC = mlJiST. 
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Exerc 



(Class Disoufision) 



Copy the diagram below. 





Show lyCw a protractor can be used to draw a ray U . so that " 
^.ZSRT i ZBAC. - ■ / ' 

Explain why any Segment or any angle' is always congruent to itself. 

The two . angles, ZAOB , and ZCFD are congruent. ^"^^ 

■ . ■ (a) Explain Aiy ZAOB = ZROS 

■ but /MB / ZCPD. 

■(b) What is the difference " 
between the meaning of 
"equals" (=) and' of 
, . "is congruent to" (=)^ 

J (c) Why do we write: 

m/AOB = raZCPD, instead, of 
mZAOB = mZCPD? 



S B 




Given AB = BC. Draw sketches and give reasons for your answers to 
the following. 

(a) Can points. A, B, • and C be on a line? 

(b) - Must points A, B, and C be on a line? \ 

(c) Can points A, B, and C - be in a" plane? 

(d) Must points A,, B, and C be in a plane? 
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5. ; Given '/ABC = /CBD. 

(a) Can A, B, C, 



and ,D be in a plane? Show a sketch. 



(b) 




Use the diagram at the left 
to show that points A, B, 
C, and D do not have- to 
be* in the same planp^ in order 
that /ABC = /CBD: 

Show that the comer of a, 
room can also be used to--snow 
that A, 3, C, and • D 
need not be in the same plane. 



Exercises .8~2b . ^ 

1. Explain the difference. between- the following two statements: 
^ = CD; AB = CD. 

2. ' Tell whether /each of the following is a number, or a set of points. 

(a) . CD ' ' — ' (c) m/CAB (e) CD ' 

(b) .mAB . ' (d) /DCA 

* . • . • , J*-- -. -• 

3. Tell whether each of the following is true or false and. give a reason 

for your answer. 

(a) If m/A =-mZD then ZA = ZD. 

(b) IS. ZM = then m/M= m/R. ' . " ' " ' 

(c) If VB -= ZC then /B = /C. 
" (d)- If ZP = ZQ' then /P = ZQ. 

For each of the. following exercises, draw sketches and give reasons 
for your answers, - 

k. • If = BC ^and BC = ... 

(a) can A, B, C, and D be on a. line? 

(b) must A, ■ B, C, and D be on a line? 



^0 



36 



5. ■ If AB BC ■ and . BC = CA, • 

(a) can A, B, and C be on th^ a^me line? ' 

■ ^ (b) - what Is the figure called which contains these, three congruent 
segments? ; ' ^ ^ 

6. If ZAOB = ZBOC = ZGOA, ^ 

(a) can A, B, C, and 0 be In a plane? 

(b) must A, B, C, and 0 be in a plane? ^. 

7. If AB = ic, BC = OD, and. CD='DAV ' • i 

(a) can A, B, 'C, - and D be on a line? 

(b) can A, B, ' C, and- D be in a plane? . 

8. If /DAB = ZDCB and. ZCDA = ZABC, can A, B, ' G, - and D be in 
a- plane? - ^ . ^ " , 

9-^^ 'If AB = BC and CD = DA, ■ can. A, Bj.^^> and D be in a plane? 
10. If AB. " CD- and AC = ' m, \ ^^^^^V^^A 

;^ (a)^. can A, 'B, ,C, .and . D be on a- line? • ^ . ■ 

(b) must A, B> C, and -D be on a line^ ' ■ ■ ^ 

V ' • ■ ' . ■ 

I -■ 



8-3. Addition and Subtraction Properties for Se'gments 



In the drawing below, AB. and SR have been marked with a single 
mark to, show that' AB = SR. Likewise BC ,and ST' are marked with doubl. 
marks to show that BC = ST. • . ' " 




We know that raAB = tnRS and mBC == InST.- ' Why? It seems • reasonable 
tha^ ?the measures of -AC and RT can be found by adding' the measures of 
t^e two smaller segments contained in AC and RT. 

raAB ■+ mBC. 



Then, 
and 



The measures of AC and 
numbers . Why? 



mAC = 
uSt = 
RT 



are. found l^y adding the same pair of 



^ Hence ' mAC ^ mRT, and therefore AC = RT. We must make certain that 

the. points are coilinear because 
■ if ■ RS and ST are drawn as .. 
^hown at the left, then RT and 
AC are not congruent. 

We shail agree to tbp 
following statement " 




R 



Addition Property f oV ^ Congruence of Segments : 



If B is between A. and- C, and -S is between R and - T, 
and if. AB = RS and BC = ST, then AC = RT. ^ 



This property may also be observed if! subtraction form. In the 

drawing below, AC = RT as 
shown by. the braces and 
' BC = ST as shown by the single 
mark. 

The measures of AB and RS^ 
may be foiond by subtracting the 
same pair c»f numbers. 




AB*^U BC 



RT 



RS O ST 



mAB = mAC - mBC^ 

. _ ■_. C 

■ mRS =■ raRT - mST 
Therefore- -AB = RS. 



This property is cabled the subtraction pr ope rty of congruence for 



^giegments . 



Exercises 8-3a 
* , ' (Class Discussion) • . 

1. illustrate the addition and subtraction properties for segments 
using sticks. 

•2. "V, .State the- subtraction property of congruence for segments. 

• V • 

3* ' For the segment AD shovn bjslow, AB =. CD. What conclusion can yon 
^ ^ ^ * • I • make, using the addition 

^ ■ • ' ' L ^ ^ property for segments? 

■ . ■ . ^ _ 

i. For the segment AD below,' AC = BD as shown by the braces. What 

conclusion can you make, 



' ^ ■ A B.V 



nC D 

• " using the subtraction property 



' IV ' ^ ' for segments? 



/Exercises 8- 3b 



From- the information- given, state the conclusions you can make iSkQd 
Justify your answers. \ , 

'a ' 

1. .€iven: AB ^CD. ^, 




B . A 
Given:' AC = BD* 



-A^ 



■■■3; Given: AB = FG. 



B - -.C ■ . D -E 



39 42 



B-i].. Addition and Subtraction Properties for Angles 



> 




In the diagram below, the ray OB is between oS . and o5 since \B' 

is in the interior of MOC. 

- -Thus, two' angles are formed,- 
ZAOB. and IBOC, which have a 
common vertex, a common ray, and 
"^^leir interiors do hot overlap. 

These two angles are«.called 
adjacent angles . . (Adjacent me^ns 
"neighboring".)' 

Definition ; When we say that two' angles are adjacent,' we mean that 
* (a) they have a common vertex, (b) they have a common * 

ray or side, and (c) their interiors do. not overlap. 

Arf^les-have addition and subtraction properties similar to those for 

segments. For the adjaceiit^ 
angles shown at the left, the' 
single marks show that 

ZABD ^ -ZTRS ■ " ■ 

and the double marks show that 

ZDBC = ZQRT. 



The measures of lASC and VQRS are foimd by adding the same pair 
of numbers. . . . ; 

r. mZABC = mZABD + mZCBD 

mZQRS = mZSRT + mZQRT * 




Therefore, ZABC = /QRS. 



A special case of a pair of adjacent angles is shown below. Oh a 

line ■ AB, is between A and 
B foming opposite rays CA 
and CB. A point D not on" the. 
line detemin'es the ray CD, 

• ^ forming thfe two adjacent angles 

B ■ \ 

ZACD and /BCD. 



A ^ . 

•. mMCD + mZBCD = l80 



. Using a p|rotractor it' can be shown that the sum of the measures of 
these two. angles, in degrees, is l80. The measure of either angle can be 
expressed in subtraction form. 

\j For example, m/BCD = l80 - m/ACD. . ■ 

Two lines AB and CD intersect at 0 as shown below. 

Name the four angles that 
are. formed. . 

/AOC and /]fcD are a pair 
of non - ad jacent angles . Why? 

^ Name the other pair, ofv non- 

adjacent angles. 

These two pairs' of non- 
adjacent angles, formed by' two 
intersecting lines are called ' • 
vertical angles , (Note that 
here "vertical** is not associated 
with "horizontal". ) 

Exercises 8-1^ 
(Class Discussion) 




1. Use" the diagram below to state the addition and subtraction properties 
■ -of congruence for angles. 



For a given angle, MOB, describe how you would draw 

(a) an angle '^AOD .that is adjacent 
to ■ MOB so that the sum of the 

measures of the two angles is 
180. ■ 

(b) an angle ^BOD that is not 
adjacent -to MOB. 

(c) an angle ^CQD so that MOB. 
and ^COD are vertical angles. 

' Describe the figure formed by the imion of any pair of vert.ical angles 

Draw at least three pairs of .vertical angles, . Use a protractor and 
find the measures of these angles. What do you suspect is true about 
the measures- of each pair of vertical angles? 




5. Two lines JS and CD intersect at 




/BOG are 




0 as shown. 

(a) Show that the-^ji^ai^Tyres of the 
two vertical a^les ^AOD and 
l^quajl- to 

mMOC. 



Jr 

Therefore, MOD = ^BOC. Why? 

(b) In the same way, show that, the 
measures of the other pair of 
vertical angles, ZAOC and 
^BOD, 'are- equal. 

Therefore, MOC = ^BOD. . Why? 



From Exercise 5 above, we may conclude that:* 

Any pair of vertical angles are congruent. 



1+3 
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Exercises 



From the diagranfe shown l^elow,. explain why the follwing pairs of angl 



< are not adjacent* 





(a) /AOB and /COD " 

(b) /AOB and /.ACC 

(c) /AOC and ^BOD 

(d) ZAEB and ^ ^BDC 



For this ^iagram^ name all^ the 
angles that are adjacent to 

(a) . /AOB. 

(b) . . 

Cc) -^:bod. 



For this diagram, name al-^^ b^ . : , 
pairs of vertical angles. -V^'^*^ •/ 



For a given plane, ■ how many pairs of vertical angles are formed by' 

(a) two intersecting linqs? ^ . 

(b) three lines intersecting at a point? 

(c) four liners intersecting at a point? 



In each exercise below^ state the conclusions you can tnake from the 

given information, and justify your answer. 
/ 

5. """'"■""'""-^v Given: ^ABD = ^CBE 




.6. 



Given: ZSRT = ZVRV 





Exercises 7, o, and 9 




7. ■ Given: ZAOB = ^EOD 

ZBOC = ZCOD" 

8. Given: ZAOC = ZEOC 
'Gi0r^^^^0^. = ZBOE 

. ■ j;!^i^Uiv^i}^ ZLEK 

12. ■: ■ Given: ZFEK = ZgbL 

13. Given: ZPEG = ZLEK 

ZGEH = zjek; 

• li;. ' Given: ZKEH = ZgeJ 



Exercises 10, .11, 12, I3, li; 



^5 
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8-5* Copying Triangles 

-In the problem of the ancient Greeks building a tunnel, we saw an 
application of making a copy of a triangle.. In this section we shall study 
the problem of copying triangle^ and see Just how much information about a 
triangle must be kno^ in order to make a copy of it. 

We could make a copy of a triangle AABC by making' a cardboard cut-out^, 
which just^fits the triangle, then moving the cut-out to a new .position and 
carefully tracing a roirnd it. This results in the AA'B»C»- as shown below 
where AABC. = M»B»C» . 




A' 



V ■ ^ Figure, k 



We shall consider, however, the problem of copying one such triangle 
without making the cardboard cut-out.. . . > 




Figure 5 

We wish to construct the triangle AA»B*C» *which was obtained by the 
cardboard cut-out shown in Figure The problem consists simply eating 
point because when the location of C is found the triangle AA'B'C* 

can be drawn. ■ • ^ 



Three methods for locating C» will be' shown.. These methods involve 

the ability to measure some^ but not *all, of the sides and angles of 
AA£C. 

First Method ■ \ ■ 




■Figure 6 



We locate.. C« on this ray so that mA',C« = mAC.' Then AA«B«C* is 
completed by drawing B*C*, 

To copy a triangle, then, it is only necessary to be able to measure 
two sides and the included angle, /CAB is said to be Included between the 
sides AC and AB because these sides are contained'' in the angle,.' 

SAS (side, angle, side) Congruence t^roperty : 

I^* two sides and. the included angle of one triangle have 
the same measures as two sides and the included angle o^ 
another triangle, then the two triangles are congruent, ' 



. Second Method ^ ■ ■ ' . ' 

"Start again with AABC and A»B* • Draw from A» a ray. so. that 
m^A* =■ m^A, Then draw from B» a ray so that mZB» = m^B, * 



< 



A« 



Figure 7 

■ ■ .» . ■ ■ ** 

Point C* must lie on both rays and ^therefore is the point of inter- 
section of the two rays, ■ * 

■ In this case, to copy a triangle 'it is only necessary to measure two 
angles and the inpluded side. AB is said to' be included between Lk and.' 
^B because these angles contain the side. 

ASA (angle, side, angle) Congruence Property ; - ' 

If two dngles and the included T.side of one triangle have 
. the same measures as two angles and the included side of another ; 
.' triangle, -.then the triangles are' congruent. ■ ' - 



Third Method , 



This tiTn^^^ 'Afehall measure only the sides of AABC dud none of the • 
angles. . 

In. Figure 8 below, point C« 'must lie on the circle with center at 
A*^ and radius equal to mAC. 





Figure '8 
* 1^8 



^ Similarly, point C must lie on the circle with center at B' 
radius equal to BC. 




^ Figure 9 

Since C« lies on both these , circles above the segment A«B*", then 
it must be the point of intersection of the arcs shown in Figure 9. 

Using this method to copy a triangle, it is only necessaiy to be able 
to measure the three sides. 

• ' SSS Congruence Property : 

If the three sides of one triangle have the same measures' as the 
three sides of another triangle, then the triangles are congruent.' 





c 



Figure 10 



Returning to. the tunneling problem 
of the ancient Greeks, we see^that the 
two triangles, MBC and ADBC, are 
congruent by the SAS property. There- 
fore /A = /D and ^'B = /E which 
determine the directions of the 
tunneling from both sides of the 
mountain- 



' Exercises 8-3 



Perform, the following constructions using a ruler and a protractor. 
(Lengths are expressed in inches.) . , . - 

ia) Construct MBC so that BC = 1^ , m/CBA = 75, '.and AB = 1. 

1 7 

(b) Construct ADEF so that DE = 1^ , EF = 1 ]^ , and DF = 2. 

(c) .Construct ^HJ so that m/GHJ = 50, HJ = 1^-, And vUGSE = 60. 
• (d) Construct /SKLR so that LR = 1^ , mZKLR = 70, and KL = 2. 

For each of the constructions in problem^ find the measures of the' 
sides and angles whose measures were not given. 

Copy the given 'triangle and segment. Then find the missing vertex 
wusing the congruence property indicated. 



.(a)- 




■ Use the SAS congruence property, 
(b) D 




V 




(d) 




Use the ASA congruence property. 



(e) 




(f) 



Use the SSS congrueince property . 

. . ft 

K ■ 




(g) 



Use a method of your choice. 




Use a method of your choice*. 



PL 



8-6.. Congruent " Triangles '. and Correspondence ' " . 

' We have been- using" " A» , B» , C» as names ''ifor the vertji^ces' of 
triangle fiiat is cpngruent. to AABC in aVspecially convenient-vvay . 
copy of-r;AABC wer0 fitted on AA»B*C» then, the vertices a' and A 
and '^B'>. C and C» would match or correspond. They are called ■ 
corresponding vertices . . . . ■ 



corresponding vertices of* two congruent triangles-' are . named by • 
•the order they are written in a congruence statement as., shown Below. 



V 



' 'Corresponding Vertices 
A — K 

C L 



From- the' corresponding vertices, w^ can determine corresponding 



I' 



MBC = AKJL. 



sidefe and angles as follows: 

Corresponding Sides 
AB = KJ or AB = JOT 
AC =. IS or AC = iCL 
BC = JL or . BC = JL- 



. Thus a congiaience statement .gives us six f^>54;5_&*'^CQ. It is helpful 
to show the six corresponding congruent parts' by the markings as shown below.. 



■ C(3rrespondlxiR>(ftngles. . . 
./A = or mZA =" mZK 
ZB =*VJ or m^B :{ m/J 
ZC = ZL <3r m^C ^ mZL 






Exercises 8-6a 



Explain why the following' 'congruence- statements .show the same 



correspondence. 



AABC = ADEF 
ABAC ^ AEDF 



» Write 'aitother congruence statement that shows the same y^orrespondence. 
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Tell. whether each the- follosfing statetaqpts is^.triie or false? Give 
a#; reason^ for each an8W€^^. ^ . .^^ 



9h 



'(a) Ji segment is g|Pngruet[tHo, ^itself / 4s 

• \ ' ^ . ." . - V ■ / 

, -^^Ij the. sides of a ^■^ctiarigle are congruei;t to** each other. -S? 

( c;.^; Ail -the angles, of a rectangle ai;e congruent Jo.^each other. 

••(d) Ali:th& .slde^.jDf a. square are congruent to each other. ^ , 

./(e) Ail' tbfe;^ides _ef a quadrilateral' .are Songruen? to each other.- 

■ A . . " . ^•^ y 

{ty . A' triangle is congruenti: to itself. t ■ ;* • 

(ig) ■ Some triangles are congruent to sqtiares. " %^ .. 



If ,AI^/ =' AVWX; complete the following: 

ZS = • ■ 

■ R 



•TS = 
RS = 

ZR = 




■i. 




^^If ^CA = APKL,, list- the six pairs o£-: 
'■corresponding. cOng^ent parts. 





Given that-" ^^EFG =-*AfRS 

(a) Mak^* a sketch of the congni^nt triangles. 

■ ^ * , .■•'* 

.(b) List t^ie si:C pairs of corresp'Shding congrue?it parts^ 

Oi ■ ^ ' ■ ^ 

Givei^l'that ^S'RS' ="MjV. Use marks ^ 
to indicate- the six. pairs of corres^ 
pondi^ congrudht parts . ■ 



1^: 




Given that ^^JBK = ^PR. Use marks 
to Indicate the six pairs of corres- 
ponding congruent part>s • 




In each' case, write a congruence for the two triangles that is determined 
by the given pairs of congruent parts: 

(a) AD = ro (c) loJ = BC " > 

^ = GH • ZKLM = ZBCD. 

AE = FH m = CD 



PQ = SR 
ZQ = /r 

^ = r7 



(d) 



'ZABC = ZXYZ 
ZBAC = ZYXZ 



Write the congruence for the two 
triangles that is determined by 
the marked pairs of congruent' 
parts. 





In the figures below, if a^ correspondence looks like a congruence assume 
that it really is^a congruende. • Write a congruence and then list the six 
pairs .^of corresponding congruent parts. Can you find more than one con- 
'gruence for p^rt (c)? .More than one for part (d)? - - 



': * Exercises 8- 6b . ■ ' . 

iEach pair of triangles has markings indicating congruent parts. If 
the triangles are congruent, state the congruence and identify the 
congruence property used. If the given information does not enable 
. you 1;;o reach the .conclusion that the triangles are congruent, explain 
why. / ' ■ . 




(b) ■ G 




H K I 




S X 




P 
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2. It is given that 

AC = W . . ■ 

ZBAC = ZVWT 
AB = TW 

(a) Are the triangles congruent? 
Why? 

(b) If so, write the congruence 
for. the triangles,. 

(c) List the 'three' pairs, of corres- 

. ■ .r 

ponding congruent .angles 

r 

3« It is given that 
. .: PQ = SR 

?• ■ . ^ = PS ' .'^ ■ 

i ' 

(a) Are the triangles congruent? 

. Why? 

(ji) If so, write the congruence for 

\ the triangles . 
lip^t^ \(^c)'':.^ist the additional^airs of- 

Ci;:v>: '\ dprresponding congruent parti:': 

^«lVi^^;/.:f;V^tt Us giyen- that ; 

''-J- i'f.^^-^l^'i.*^^.^ ' t^^'.^-^^fel^s congruent? 

■•■-*;^^ ^;t^;,v"l^^'oei:.^S^ for 

^^;rv-\;;^(ci;^,*^ of 
'\ : . ■ A . " ." ■ 'U ' A^lj^y?!;^^^ pa rt s . • 



I 



59 



A 

It is given that. . . , 

ZACB = ZACD 
BC = CD 

(a) Are the triangles congruent? / — 
Why? 

.(b) If so, write the congruence , / 

for. the triangles . . ' / B 

(c) . List the"* additional pairs of 

corresponding congruent parts. 

In each figure below, "name an additional pair of congruent parts, such 
that if you know that these parts are congruent, .you could say that the ^ 
triangles are congruent . Write the congruence and identify the congruence 
property used . 




L. 



^3 




Some Applications of Congruence 

Exercises 8-7a 




The problem is. to measure 
the distance f rpm point A 
on the shore to point B in 
%he naiddle of a lake. 

Select a point C on 
the shore as shown. 

It is possible to measure 
M and ^C. • ' ■ 



Show how you would find point so t^f^t AB.= AB^ - 

What congruence property shows that ,^ AAB*fe? . 
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The problem is to make a coj^ .of with the vertex at A« and a 

side "ray* r as shown below without using a protractor. 




Openyour compass to an arbitrary amount and draw an arc. with center 
at A . intersecting the sides at B and C. Use. the same, compass'' 
setting.^and draw an arc with center at A' intersecting ray r^'; at 
B' as shown below, C must ' lie on this' arc . ' Why? 





Now. ad just the compass so that the tips coincide with B an,d - C. 
With this setting, draw a,n arc "with center at B' .^'1^^ ^^"^^^^section 
of the two arcs is at C. ■ ' - ■ ^ . 





Complete the construction by drawing the ray A'C*" .^^Jaal congruence 
property shows that AABC = M'B»C' and therefore /BAG*' = /B'A'C? 



A triangle such as AABC which has at least two congruent sides 

(AB = AC) i^ called an "isosceles triangle . 

;A triangle whose* three sides are conginient is called an 'equilateral 
triangle . ' . : ^■ 



Exercises . 8-7 b . 



If AB ' Is' the distance across a 
lake, show^how AB may be 
measured if points A - and b'*. 
are accessible. Use the ' , 
diagram ;at the right. . / - 



2.- It is desired to measure the . ^ 
length of AS but a deep .ditch 
at D. intervenes We . can 'use 
congruent triangles to measure . 
^, AB. Explain- how this may be 
donejby each of the following 
nlethods . > . 



A convenient point C is 

ken and AC and BC are 
drawn.- 




(a) ■ Use Figure (a) and 
^ -the ASA congruence 
property. 



Figure -(a) ' 



11^ 
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(b) Use Figure (b); and the 
SAS congruenpe' property. 



'In the figure-' at the riglxt; ' 
a carpenter's square is 
placed so that ' AB = .AC . 
;and 'W = DC;. Use con- 
gruent triangles 'to' explain '.. 
why /BAD = ^CAD, r *• ' 

A suirveyof at the top of „ 
a tower (AB) sights across, 
a river to point C, With 
.the help of an assistant 
on the ground, he locates 
a- point D on the b^nk,of 
the river so that ZABD = ^ABC, 
Show how he can use congruent 
triangles to determine the 
width of the river " (AC-)', 



8-8. Congruerrt Figures and Motions 



You have learned that two geometric figures are co^ruent to each 
other if' they have Wxactly' the same size and shape.- Two f^feures in the 
same, plane that areV^'ongruent may be-^Tnade, to fit together by a. motion. 
In thls^part'of the chapter we will .carefully analyze some important types 
of motion. ; For example, the figure A on the left may be""^^ to fit, or' 
coincide with, the figure B by a slidihg motion in the "direction of the 





9' 



' ■ '^^Fi^ure 11 ^ ■ 

* ■ ■ V ; . ' ■ ■ ' - \ _ . -^..^^^^ 

^ arrow.. say that figure ■ B:^ Is- the - slide image of f/igure / A^.^^^^^^Tttot-' the 

. slide, maps figure A on;bo figure l/B". Likewise, figure' -B» is .a'slije 
r image, of -figure A* because a sliding "motion in the direction of the ' . ' 
. right-thand- arrow carries A» into -B?. ■ ^ ■■ . ' ■ . ^ 

' • ' • ■ * *. ^. ' • ■ '' . . > ''f • 

-Consider the congruent figures shown, below. „ Note that no' slide will'.' 
map figure" R onto figure S. . . 





Figure. ,12 



raay be miade.to coincide with figure. S by a rotation 
^crr tur^^t^^^^ X as a center of,. turn'. We^say that figure '^S ' is the 

P^. f;4gure • H,. or that the turn ma£s- figure ' R 'onto^frgure-' -3.. 



EKLC 



^The center -of turn may even be a point .cQlmmon to the two f. 
Consider .th,e congruent figures shown below, 





F . ■ 



Figure 13 



For .each of the^e pairs of congruent figures, ■ make" two 3tatenients--one 
that uses the words turn Image and one, that uses the word maps . . Also, 
name the pplnt of turn^^tn each "case. , ' 

^ The third basic motion that we ^ will consider is the flip. You can 
thlnx of. a .flip. as. the motion- involved" -v/hen you turn over a sheet Of paper. 

In the process of flipping a .sheet of paper the plane of the paper is 

. ■ ■ * 

rotated, . as shown below. . • . , * . 



Figure ik 



In this case, the line AB is called the flip axis . -Consider the-, congruent 
paii- of figures, E a^d' F, shown below. . ^ ■■ " 

■ ■ ■ • . . X 





. '* Figure 15 



Figure E . tnay be ma'de to^: %ncide with fl^re > %y a fiip'a^ut % . as 
/tl^e. ^lip a&is.j^ . We say that figure F 1^% the flip inyage of figure E or "^^^ ' 
.''that the flip maps ^/igure E ■ onto figure F. . • ".a u-- 

'n .f: figure l6, note hoV the figures are related by'-^lips. about ■ n V • : , 

,-ahd " m. •'. 




Figure 




. The^line that is ^chosen for .th& flip can make a lot o,f. difference.. 
j:onsider the same figure "iut two 'diff ez^ei^ifies . ..,What happens tha^.is 



interesting in. the secorjd case below?. 



f 

.1 ^ 
I 



m 






Figur^^ 17 ' 



il we, flip this figure on' m as*the flip axis we have^actly the sam^\sftt; 
of points that we had before the motioa took place. 'That is,- the figure* is 
its own image for. the flip described. In such a -case, we say 'that the-figire 

is invariant under the motion. " '* / ■ . ' ' 

* ■'."■»■ 
'It »i.s "ipt^eeting to observe that sometimes two congruent- figures can 
be made to coincide by different motions. ■ ^br example, ,f igure. ■ H can be, made. 



•to coincide with figure G by a flip or by "a turn/slide or by other ways. 
(See figures .18 and 19- ) Find one other way. . . ^ 

r: ■ . ■ - 

^ <^ & ' ■ ' 



Figure l8 



I 



I ■ 
I 

. f lip 



■1. 



turn/slide 



■4'. 



■■ijrigure, 19 



'0^ 



Exlercises 8-8 



In each case, the given pair of figures are congruent.. For each * ■ 
congruent patr^- show exactly ho>f the Agure^nia^fed (•l);i|nay be mapped 

'•into the figure majficed (2) by ^feing the motlorfs o9 slide, turn, or ^ 
flip, or A combination ^/th^se methods. Use arrp\>s''to describe 

l-S'utes or;' turns and dj^ed lines to identify)- f lip ax^s. Describe 



mo 



re than o^e method ©f making the figu^Pes coincide if you can. 



Example ; 





7V 
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Possible Solution; 



Possible Solution: 



ERIC 



(2) 



(1) 



rotation about point P 



rotation/slide 



Possible .Solution: 



Possible SQ,lution: 



(1) 



(2) 



^ (1) 



(2) 



rotation/flip 



slide/flip 



Can you find any others? Hint: there are some'l ' 



(a) 



(b) 




(2) 



(1) 
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The figures below are to be' flipped on the dotted lines as axes.- 
In which cases is the figure invariant uniei" the indicated motion? 



(a) (b) :,■ ' ;(cj 




For ^ach figure below, fines' all flip axes such.' t)iat the. figure is 
.invariant,' - ' . • ■' 




(d) 
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■■'r^.; vCan:ybu^=f^nd ariy:figvt many flip axes? ■ ■ 

'.; ^ ..V;6y • : BRAIHBUStER , 'minK 'o^f' .ea:.ch:i:iigure. belov as a .des^JL^-^ on a waj^l : 

* . . assume that'^;i;t'-exi'^nd^\i^^ .Describe thel' -^^ . ' 

^6.'' ■ i? T; motions, that, wj.^^ desi^iii;. into itself. We. sa:j;^/^''t.^ 

that . ea chYp f th&6^e:-..mo';t'i 6ns .■ Indue ea a , c ong ruenc e • of -^he i^gn ' • ' 



■ r. \ . • 




itself 



, - or .'i;hat; the' 'd^^^ ^d^^i^'o-f^Tfiheke hotlons 













I. » . . ' 





























































- ' < 



I.? 




Describe two typi5s'\6f motioA-" Ca^ .you iind\iy-t^hird ot botiQC^ 



V - v'^'VnV '- 



&v. 



• Orientation 



AB-"^^ IjB <:origruent to A"B*. 



?B know' from our meaning of the, word "congruent" that AB (or a copy of it) 
J^^co:uld; be .'iiijade,' to fif exactly on^ A*B* . • In fact, we could slide AB . so 
^^^that ■ A. /.coincides with. A», ' and then we could tum^ AB about pointy A* 
?*^^^(»• A)L ;until B , ' coincides with B«. • 

' Consider AABC and AA»B*C*. 




A 





' 'TyVBG.^ 'M'B^C* . Try to make a copy of AABC fit . exactly on ..' AA*B*C« , 

' - :.lf you tried to fit a copy of AABC on AA'B'C*^^ — you-no .doubt - found 

-.that ^ ^our.; copy^had to be flipped over before it could -"be made to coincide 
^: with - ■:AA^B»C»r • No amount of sliding or .turning .of ; AABC without flipping 
_// .vill Thake the two triangles fit together, 

- ; ■ " .;■ ," Something very simple, yet very important, is at work here,^ Triangles 
> in.'th.B same plane have a.-property (not shared by segments in a plane) which 
/ 'we will call orientati'on V We say that AABC and AA'B'C* have opposite 
' ; . prrentation because even though they are. congruent they can not be made /to ;-. 

. coincide by merely sliding or turning either one in the plane of the' pa,ge , 
•■■ ". of the book, > . 
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Definition : When we say tvo congruent f igures ^in the same plane 

■. have the " same orientation ", we mean they can be made . 
to coincide vithout a flip > 

• . '■ }' ' ■ ■ 

W?- sometimes say that when we* flip a figure in the. plane we "reverse" 
ts orientation. . • . 



Exercises 8- 9a ' 
■ ' (Class Discussion) 

The triangles below are all congruent. Their vertices are named 
"A^", "Ag", "^", etc. (read "A sub 1"^ "A sub 2", etc.) 
-fco show corresponding parts clearly. 






5 . "5 . 

Trace around each triangle, touching the. vertices of each in the orde 
A,- B,, C. ■ . , • : ■ .\ . 

(a) List the triangles' you were' forced to trace clockwise. 

(b) List the trianglels you were forced to trace coimterclockwise.. ' 

(c) ' List 'the triangles which do not need a flip to make them. (or 

, copies of them) coincide with AA^B^C^. (include. AA^B^C^ 

5 5 5 . 5 5 5 ■ 

itself. ) . . ■ ■ ' . : . 

(d) List the triangles which- have 'opposite orientation to AA^B^C^, 

(Would you. include AA^B-,C' itself?) - ' . 

;.' 5 5 5 

(e) Compaice your lists in (a), (b), (c),, and (d). Which lists 
are same? . - '. 



Draw 'any. five-sided figure and name its vertices ;p,,.Q,: R, ' S, "and 
T. Then draw an exact, copy of your figure as it would look after^a 
flip and name^ its vertices pt, Q»,. R% S», and.'vT', . ' s howing .-the 
corresponding parts. 

(a) Explain why PQRST and' P«Q»R«S»T« " have opposite orientation. 

(b) Trace around each figure in alphabetical order. .What, do you / 
notice about the directions of the two traces? J 

(c) Compare your results with your classmates'* . What cpnclusidnA 
holds for all?: ■ . ■ > ^ 



Exercises 8-9a suggest another way of characterizing orientation for' 
figures in the same. plane: two congruent- figures have the same, orientation 
if the traces through their corresponding points are in the same direction 
(clockwise or cQunterclockw^se). If the traces go .in. opposite directions 
(one clockwise and one counterclockwise'), .then the congruent figures have 
opposite orientation. ' ~ 

. In |)iis wayy we may talk about the idea of. orientation in other 
.situations*:, ". ^'pr^example, consider the points X, Y/ and. 'Z. 



: X 



-The or^er X^Y^Z my be described as clockwisjs, and the order X/z,Y -may 
be described as counterclockwise. The orderings X,Y,Z and X,Z,Y have 
opposite orientation. \ ' ' . 

. " ' ; * . Exercises 8'-9b ' ' " ' ■ 

1. . (a) Locate three noncollinear points on your paper and -label 'them . ' . 

D, E/ and. F. • ' V ' . 

•(b) There are six different arrangements which can be found of the •' 
letters. D, E, . F. Two of these are E> F and D, F, E. 

Write out the six arrangements and find the orientation of each 
• " • fjrom" your diagram. .. How many different orientations are' there? ' 



(c) Which arrangements have the same orientation andVwhich. have 
•■ opposite orientations? , ' 

(d) ,Can you discover a method for telling whitih arrangements' have the" 
same orientation and -which have different,. orientations ? • 



(a) Locate three noncollinear points • on your paper and label them 
A, B, and C. n , . , ^ ' ' . 

(b) Locate point C; in several different positions so that ^A, B, 
C and yA, B, C» have: the same orientation. . How can you ' • 
describe the, position c5f C . if. A/ B,' C .and.. A, B, : C« 
are to have the same orientation? 

(cj Locate point C* in several- different positions so that A, B^ 
■C . and A, ■ B, ^ C have opposite orientations... HoV. can you 
describe the. position of C< if A, .,B, C and ^A, B, C« 
are to have opposite^ prientatibns? 

Draw AABC so that the order A,B,C has clockwise orientation. 
Mark some point 0 in the interior of ^^ABC• . . • 

(a) - What is the -orientation of each of the following? . - 

;< .■ . A,B,0 . . \ , . , ■ 

. ■ ' ; • ' : .; B,A,0 ' , • 

. B^c,o ■ •■ . ' •" " 

' ■ , ■ *' A,c,o' *-v . . ■ : . ^ 

(b) Which of the orde rings' in part (a), have the same orientation 
as A,6,C? ^ ■ ^ • 

In the figure at the . right, 
the order A,B,C. has clock-, 
wise orientation. , Points 
CK and 0* are in thev -. \ 
exterior of AABC, ; and \fiey 

do. not lie on. BC or . , ' • 0' 

AC . . ■ • ~ ^ - ' . 




What is, the' orientation of each of the following? 

"■B,A,o • ■ T^,A,ov • , : ■ 

■ B,C,0^ . ' B,C.,0» 

V . : C,B,0 ' C,B^O«> 

" . . • c,A,0' , ^ c,a;o» ; 

■• . A, CO • ' . A,C,O^V 

5. (a) Draw a line, AB, , on- your^ paper. . • , 

,,(b) 'Locate points C and C*' on 'the same side of AB. » 

•(c) Do 'A,B,C >nd A^B,CV have the same ' orientation or^ opposite 
. orientation? Will your concl;:ision alvays apply \ if C and -C* 
are on the samfe side of AB? 

. 6. .(.a) Draw a line/ AB,^ , on your papei. . • ■ 

^b) Locate points C arid ■ 'C on opposite sides of AB*.' " » 

(c) Do A,B,C and A,B,C«. have the saine orientation or opposite - 
orientation? Will your conclusion always apply if C and C 
are on opposite sides of Ap? '■ -> 

■ ' ^ ■ .'. ■ '■ • 

7. ■ (a) Show how the property you .observed . i-n Exercise 6, explains the 
.'^ ' . different results you obtained "for points 0 and 0* in • ; . 

Exercise h, ' " • ' >, ' ■;*• 

■ p- (b) Now show how the propeiT^" yoii^ in Exercises 5 and .6 . ' 

" ■ explains your results; ilnv'J^ie^r^^ . ' ' .* 

Your- two hands ajre ^veiy close'" to^being congruent . figures in space. 
We could imagine a pair of .hands 'which were so. ideal thal^^all their corres- 
• ponding measures w^re equal;' Even so, . could' we make these two ideal hartds^ 
coincide? Imagine, just the shape- q.f the sUrface of the right ^hknd; ' could ' - 
it be. made to fit Exactly on the ideal left hand? Can a right hand glove''/ 
fit exactly on a l^ft harid? ' ' . ' ' - ■ ; ' 

■ It should be' clear that ve.-can think of figures in space that are 
.... ■ . ; ' ■■•■>■'"" ^ ' ' 

congruent in all respeq,ts ,i$ut which could not possibly he made to coincide 

even in our wildest imagir^tions. 




■ ' . ^ Perha|)s the bea.t example is your own image in a mirror. No~ matter-. 
■ .. how you, twisted and turiled you could never look exactly like" it even though 
^ ' ; " it is clearly an e'xact, copy pf you^, (in our picture the fellow and his image 

0, -t . ih:* the mirror p^rt their hair 'on opposite sides. /There will always ' be some 
\ '' . left and.rigkt'differenceSi) - ' ■ • " 

- 'rtie image- 4^ "^^^ mirror iS' no different in size^ and sHape,,'.- It merely 

has^ QppolSiffce orief^tatioh in. space,. Two congruent figures, would have the ' 
same orieh'catlon in space- if they . could be made to fit_exactly, one on 
- another, .- '^^ ■' / ' ' 

' ■ . ' ' Look ati^tlie image ■ of** your left hand irf a mirror, Does it have the 
,;. ^: samie oriento^pn as youi; r^ai right jiand? Your righjb a'fid left hands-, are" 

.. ^&^entl^l^' congrdent figure'fe with opposite orientation,' Reflecting a solid ■ 
in a mirror changes its <prientation, ■ , . -- * 

* It' Is iintJteresting to think abouf the connections between' flips in * .• 



the flpaile ' and m i-fr o rv re f le c t :^9ns . ' 



1^. 
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.5*' 






The. flip ^axls Acts/ "^o. much iike a mirror that mathetnaticians .us^ "fc^^i::":. 
word reflection" in place of o^iir word "flfj", 'You may have .already, noticed 
tlmt our \ise of the. word' Vimage*'- (as- in '^'f lip ''image" -and "turn |mage" )\; 
probably domes l*rom _ the - common T?hrase , "mirror .image"., ' ^ • . ■ ' ■ , 

. ■ 0 .' /-J \; Exerci&e 8- 9c - . ■ ' ' , * 

1. -po^s a mirror reverse; left, and; right? (Be prepared to. convince your - 
cl^smates that your ahswer. ma'kes sense, ). 



1 ; , 



, 8-10. ' Congruence o>f a Figure with Itself ' ' • * 

Take-a scrap of cardboard ^r^d cut a rectangle (not a. square'^.vout'. oif ' - 
>^ it, as shcSvn below, ■ - ■ •■ 
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We label the vertices, of. the rectangle and the corners 'of t:M-';l"ectahguia-r 
cut-out with capital letters. " . ^ • ^ 

If we tak^y-^out the rectangular cut-out^i^ in howiliany ways may. it be . 
fitted back, into pla>ce? 



2.. 



Of course/ wfe ca'fi 
.^ut 'put. . This 




in the exact position from which it tos 
ea'tes "the, , identity, congruence ' 



^er, thg^ .^rectangular i,cut^^ may be -fitted into the Vacant space 
va^s^*- Suppose we rotate the cut-out rectangle so that the " 
.corf;er A. talces a position at C, the comer -.B . takes a position 
■at ' D, . the corner C takes'-a position at A,, ^.nd'the comer D 
takes a position at B. - VJe may describe this movement as a haif-tum. 
The .follorwing fitting may now be, made, * ■ 





ThjjS Titt'ing' cfan^be descrfbe^ as" a con^fenence indicated by the 

following correspondence. - ■ ' . ' 

. ■ ■ ./^* - ■ « ■ . 



ABCD- 



-'CDAB. 



As you -might -have surmised we.may ta'ke "th^ /r^tangular' cut-put. inw/. 
its original- portion :and flip it over. a horizanteh, axis; ein tkis\ 
(iffsfe/ corner 'A^^.tak^s; ;a position at JD,- comer B*."takes'a position 
at • "C^ •pomes:' p takes a, position at. B, and corner^. ,D takes a 



■position, af A. The following" fitting may noi;..be.made. 



This f^?ttixig^can be descr.ibed as a cong 
following corresp?5ndei;ice 



q>e indicated by the 



■ I 



We my rotate the flipped rectangular cutr^out >so .tj^kt comer - A 
^^^^^ ^ comer B takes a position at ^ ■ comer 

C takes a 'position .a1^ D, and comer D Jakes a position-at - C. 
■The owing fitting may now be* made. •. I . " ■ ' 




lliis fitting biay be described as. a congruence' indicated by the 
follpwlrjg* correspondence. ■ ... - ^ ' ■ ' ' 



A&;d-— BADC'. 



.'I Do^you' think that we" ha^e^idWi^tif ied^all'the possijDle^w^W^ the ^ 

rectangle cut-out may . be .ktt^d back'into placej^^ln otheV woHs,' in how 
many v^ys may a , rectangle (x^ot a square) ^^e^-^^ent to itself ? '^Giv? a 
reason for your answer. " ■• - " ■ ' , . 



Exercises 8-10 



In the problems below indicate which correspondences are. obtained 
by a rotation in the plane/which by reflection, and which- by a combination 
of the two motions. • ■ " ^ ' 



1, If. ABCD is an isosceles 
trapezoid with AD = BC^ 

" write two correspondences 
that indicate that ABCD' 
" ' is congruent to itself. . 




V 






If AABC is- equilateral write' 
the correspondences that indi|^ 
cate that AABC is congruent 
to itself. There are. six such ■ 
correspondences. * v . 

If RSTV ■ is a square write 
the .correspondences^ that indi- 
cate-that" RSTV is congruent 
to itself. .There are eight 
such^correspondences. • ' 

* ' . ■ 

KLPQK is a regular . pentagon. 

Recall that, in, a regular . . 
pentagon' the sides' are con- ■ 
gruent to each other and the 
a'ngles are congruent to each ^ 
'other..: Write the corres- 
pondences that indicates 
KLPQM , is ■ congruent to. ^lelf. 
Did you, get ten such corres- 
pondences ^that are distinct?. - ,• •. ' ^ 

* ^If a-, regular polygon has n sides how'^meriy" correspondences are -there 
which indicale that" the regular polygon^is c^gruent to itself? * 




8-11, * Bisectors and Perpendiculars 

^fevha^ce been iising the ideas of midpoint of a segment and bisector' 
of an^angle- irifSraally, we will now define them' precisely. 

Definitiq/n; l-A_p oint B is called the midpoint of AC if B 
is between A and C and Jffi = BC, 



Recall tha 
bisects AC or ^C 



AB and BC are lumbers, 
is bisected at point B, 

An angle jmay also be bisected, ' 



We say .that point B 



in the diagram ^ the right, ' . BD 
bisects i^ABC because D is in the 



and /ABD = ZCBD, 
Lied the bisector 



interior o^ -^AE 
The ray BD is ce 
of /ABC. For convenience^ we will 
also refer to anj' ^egment of BD with 
an endpoint at B ]^s a bisector of 
/ABC. [ 

r In the figure at the right 
' /PCA = /PCB. . s/nce the suia of the 
SA and /PCB is 



^measures of 

186 the^measurek^of ZPCA and ' /PCB 



r 



are. eacjr*^^P?\^^ 'That^s, /PCA \and;K' » ^ 
•►"/PCB- are right angl/s. We say that ^ 
.PC is perpendicular to AB,' In 
symbols we write. PC _[ AB or 
AB-l PC. .. 

• If^ 'RW = >?S and i _[ RS- and 
I contains W^ we say that the line 
^ is the perpendicular bisector of 
RS. Fof' convenience, we will also - 
reffer^to any segment or ;'ray contained 
in line i and containing the point 
W as a perpendicular bisector of RS, 











» ■ 










} 


.p. 




^ , r 






• A 

: 'J' ■' 




- • . '9 ■ 







r\^ 


— ^ ^ 




j 

it 

V 
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^ . ^erclses 8-11 .\ 

In each case, sel"fect all pairs of congruent segments, or cohgruer^t' 



angles . . . • ♦ , 

(a) AB passes through the midpoint of CD. 




(b) ' RS and TV. bisect each other. 




(c) AB bisects ZCAD 



ft 



(e) PQ blsfects ZBK 'and" I^&;:" 




. ^(f) LV' -Is a 'peiT)endlcular!.biseK:tQr b^^ * 

'.di' ■ /•,.:••.■.•. ; . ■ ^ . ■ . ■ v ■• / 




. • J • -4 ■ . 



1 / 
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8-12. Writing a Proof ' , ' 

In this section we will study how \o write a"; proof In an organized . 
•fashion. The ability to write a 'proof In an orderly .manner ^ Is -very helpful 
when we deal with harder problems;* however, we., will . start with some simple 
problems to learn the method. « . ■ ' , ' • 

Exercises 8- 12a , v 

. (Class Discussion) - . 

1. Study ..thep proof provided below, . - ■ ' . - 

A ■ . 




Given 



AB = AD 

CA bisects ZBAD 

. To prove: ZB ^ /D 

Plan: . We know that two angles are 
congruent If they .are, 
corresponding angles, of 
congruent triangles.^ Thus 
'■ ^ If we can prove that 
, - ' ABAC = ADAC we will know 
C ^ that ^B = ZD; " 

Copy the diagram above 'and mark the c^responding' congruent sides and 
angles which wlli show that ABAC and^^ ADAC are congruent by the 
SAS property o.f - congruence . The proof may be written as follows. 

Proof ' ■ ^ ^ 

1. 

2, . ■ CA bisects ^'BAD 



Statements 
AB • 
"TEAC = /DAC 



Reasons 
Given 

CA bisects 



3..- AC = AC 



k, " ABAC = ADAC 



3. Every 'segment Is congruent to 

Itself, ' . ■ 

k, , . SAS. property of congruence 

5. ^'^Corresponding angles of congruent 
' \ . triangles" are congruent. 



Write, the missing reasons in the proof ""below. 



\ 




4BAC. 



1.. 
2. 
3.. 

6. 



Statements 
/BAD =. /CAD 
M ^ - AD . 

.'ZBDA and /CDA are 
right angles . 

/BDA = /CDA 

aabd;^ aacd 

AB=.AC . 



Proof 

1. 

■ ^• 
, ' 5. 
6. 



Given; AD ^bisec- 

^ I BC . . , 

To prove: -AB = AC ' " 

Plan: Prove AABD = AACD ' by. ASA. 

■ ■ , ; ■ ■■ 

. "Reasons' ; " ' ' • 

/Why? .. > .- ■ • * • •• 

"•Perpendicular segments fo™ right " 
angles . ' 

0 

.Why? • 
Why? ■ '. ' ' ■/ . • . 

Why? • ■ . ■ 

In the following theorem^ supply the rhissing^reasons in ' tfe v/rLtt(^n 
' proof. ' - .;v 

•Isosceles Triangle Theorem I: ' If two sides of a triangle are; ■congruent, 
then the angles opposite those sides are conginjent. (This sta1;ement is 
called a ^theorem because we .prove it usi^jg properties .which we have 
already found to be true. Both this- statement ..and the one in Exercise 
h which follows, will be very useful in helping us to discover and 
ectablish many new results.) 

.Given: Isosceles ti'iangle * 

ABC with AB = AC. ■ , 
To prove:. 'ZB = ZC' . 
Plan: In Exeix-iscs /o 8- 10 v'e'^^ - — :■• 
V - found corresx)ondences' of ■ ■■, 
figuSicj^. which indicated 
thatrV^t-'he firmres. Vero 
. ' congruent with themselves.. ■■. 
V/e look foi' such 6 corre<3*- ■ ^ 
pondcnce for. an isosceles « 
•triangle. If Wc'sct up 
the correspondence 
'? A — A . 
B-^ C 

, ■ . ^ C B • 

between the vertices of. AABC, then Z^C = MCB and ZB = ZC since 
they are corresponding parts of congruent triangles. The written 
proof is a's follows.' o 
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Proof 



' i C;.': •. Statemenlrs • 
'AC = AB 

3. ■ AABC = AACB 



Reasons 



,'2.. Why? 
3. k§|^:il>^perty of congruence 
k. ■ Why? .. ■ 



Complete ,the following written proof. 




. Proof 



Isosceles Triangle Theorerri .2: 
If two angles of ^ triangle a3*e 
congruent, then the. sides • 
opposite those angles are. 
^congruent. • * 

Giveni MBC with . /B = ZC 
To prove: AB = AC and therefore 

zy^C is isosceles 
,;Plan: Prove that MBC = AACB 
' by the ASA property. 



Statements 



Reasons-; 




In each case; copy the proof and supply the. miss^n'g reasons, 

" ' . ■ ■" — ^ ' • A : ■ ; 

!• . ' Given:' AB = AD " 

BC ^. DC . 

. :To prove: -^B = -^D 




Proof 



, . • S tat erne nt>g 
1. ' AB.'= AD\/:^ 



2. 
3. 



BC = CD 
-AC S AC 
MBC = AADC 



5./ ZB = ZD ■ . ■ • 

Given: AB = DE 

' - • BC = EC . : ; *; ., 
i\ AB l^BC, ■, DE^i- BC 

^To prove: AC = DC 



Statements ' . 

^1. AB =:DE' 

.2. . /B ^^and .ZE are^ 
right angles ' ■ 

3. ' .<^B 

^h. BC = EC * 

5- AABC =.'ADEC 



6,:- AC =,'^C. 



Proof 

1. 

2. 

' 3. 

■ 5-; 
6. 



Reasons 




Reasons 



^5 
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' Glven^ = ZW 

ST = WT 

*. To prove : = 



r Statements 

1. ZS = ZW 

2. ST.= TO 

3. ZRTS ? ZVTW , 
h\r 'ATRS = ATW 
5. . ^R =. ZV 



, R 




Proof 

>. 

^ 5. 



Reasons 



- - In each case copy the proof and . supply the missing steps' and 



reasons . 



" Giyea: FG = HG- 

' ^ 1 FH, JH 1- ?H 

To^rove: W = J^i 

': Statements 

<■ 1. ZEFG and .ZJHG . are 

* * right angles ^' 



Proof 



Reasons 



\ 1 










3. 


,ZEGF 


/HGJ 




. k. 








^ 5. 


■AEGF 


^JGH 




■6. : 







5.'-: / All right angles -are' cofigruent./ 



5. 
6. 



0 



Given' 










. i'; 














\ 

.*■ i ■ 




■ f 
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5.- If ABCD Is .a yfequare and E 
■ "is the midpoiryt of _BC, .. 
•then . ^ 

GivenC w is a..sqiaare; 

E is the midpoint 
of DC. ■ 




B ^ 



To prove: AE = BE 

. Statements 
AD = BC . ^ ^ 

2. 



Proof 



V 1. 



Reasons 

—3 — a 



/D and are right 2. 

< angles . . ' ' ' , 



3. . '^D =- , 
' DE = 2 



.3. 

5. 
6. 









O 
' o 




0 4 

a 




* ■ 9 




■i 1 











■ ^ 

^9 



Give the complete proof o'f each of the following using 'problems i ■■■\o 
as mcKiel^. ' ■.^* . % • 



6. ^ Given: ,PQ.<£-PS 
SR ' 

■■ To; prove: = -'S 

' • ■ ■■ . ■ ' 

. Given: AC = .5c 

^ . . .DA i p . 




R 



CD j^'Et) 



To prove: * AB^DE"' 



8-13- " Construction er f Rhombuses ' . ^ . . , '^"^ .. 

' . .The- properties* of congruence that^ve have '.dis^'c iJlssee%^ rile r'' in tW ^ '-.r , 
chapter .Tie-lp 'ti^ to dlscove/ /fkvts-^'^bput • 
section, .we yli;r dlsco^r 's^jm^ro^ertres' ; oX; the rlfoijibus;. ^ rhombug .'ls a 
quadrilateral; < f pur- s ide^ly gpn' in a planed wi'th-,ail sidles having equal, ' ' 
lengths. We will see^ that these ^properties' of . the, rhombus are both.' important 
rfnd liseful?. ^ ' ♦ ^ • . V " • \, ■ . ' • ' "^i^^:*. " 

- / • . It ^is, ^ry eas;^ ^o^ construct a ■rftombus using, a' stralg^it ;e^^'ahd^W ' ' 

compass, as sHdVn. beiow^. - ' ■ ' ^ , '"^^ ' , ' . • ^ ' ' 

' '• ■■•^•"•'^ ■' • ■ • ■ ; ■'.:V''^'-' ' 

^-l. , Select, any point,-* A, ,ds'a;vejrtex>.'6f ::tl;'e^ rhomb^us and. draw an,- arc ""of 

a- circle wi't^^centi^r .gt - ' /^gf^ , 



A.. 



-2.. . Sipce tthe^ sides of ^ ■ rhombus^have Uhe same measure, two of- the' other 
■ vertices/of the i-hombus I'would lie' on a circle with the ' centef/'^t A. 



. A 




• ' ' ' • ' W"!^ ■ 
^ • 3. A:gain, ;sinca the sides of a rhombus ^hato the same measti?^,,- we dr^^ 
irltej^secting^ clrcui^,i;arcs. with the slrne radius/as the -original * 



r 



Call this point of int/rsection ' D and draw AB, " BD,^DC,, 

■ and' CA; . ^ * 

B 




V .* Now, IShe four distances ,tjAB, mAC, ■ xnCDi and /inBD -are all equal 
Jo the. radius used in drawing our circles.- Thus. AB = AC ^ CD % BD, . and. 
ABDC Is- a. rhombus. ^ ■ .. . ' <• ■ " ' , 

'* . 'as you can see, it Is .veil^^ easy to construct a rhombus.' It is just 
as easy to construct a' rhombus^ satisfying various special conditions.* You 
.will' do this In the next exercTise set. However, one definition will bp. 
•needed i» some of these exercises. A diagonal of a- rhombus^is a segment 
■joining a pair of opposite Vertice%-. ^ TOfe, in the rhombus ABCD (see 
. figure 20), the diagonals are the.eegments AC. and- as shown in.| ' 

higare 21. . ' > ' 1 " » , 

■ : . B ■ • ' . ■ . B. . 



^ A 




Figure 20 



.A 





\ / 

• v" 


0 \ 








] 




Figure 


21 . 
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Exercises 8" 13 
(Class DiscAission) 



Keep 



The ^j^structlon of ,a Jb^bmbus alcove involved drawing three circiil^r arbs 
the same radius. In.j^il the constructions below will be helpful, to 
in mind that two or three circular arcs with the same radius are drawn. 

Construct a rhombus with *two given points as oppostl^vertices . That is 

Given ' -^^ . \ -Construct ^ 



B. 




" 2-. Construct a rhombus , with two. si^es lying on a giverj angle. That is, 



Given 



Construct 




3. construct a rhombus with one vertex at a given lpoi,nt and one diagonal 
lying on a; givenjftine . That is , ' . . ' 

Given * * ' ' 1 ' Construct 



y. 



k. ConstruQ.t a . rhombus with one dlago 
!that diagonal at a- given point on 




a given line and the midpoint of 
line.' That ,18, . ^ " . / 



Given 



Construct 




5^ Construct a rhombus yith one .vertex a^ a given point and. one side on a 
given line|^,That is, . 

ConsttTict 



Given 



A 



' ^^^lIe.are now ready to consider and prove the^ollowlng Impoi/tarit p-rAperty^f 




a rhombus; 



A diagonal of a f^'di^us bisects the angle of the rhombus -at each o£^ its ; 

endpoints. 

Givei^: ABCD' ; is a rhombus 

To (^rovet ZBAC = ZlAC . 
1^ / ZBCA ^ .^DCA 

plan: Use SSS to prove ■ 
^ -MBC = MDC and.thed the 

■ / desired angles ara-^^rres- 

/ ■ ■ • ■ ■ A_' 

' ponding parts of congruent 




triangles; * . 



J 



Proof 



■/ ' Statements " 
1. S ^ AD 

. . 3 ^ . AC ^ AC 

. \. m.0 - ^C 
/ 5 . ZBAC - ZDAC ; 
ZBCA S ZDCA 




■ '\ Reasons 

j AU sides' of SHHBus are 

congnfen*^'. 

2 . ; All>r^s of ai^hocibus^arc 
■congruent. % ■ .' - ^ V 

3. -.A segDient Is ^cfralruent t6 

jitseif^ . 

k. ' SSfcL propel of oeng^ence* 
5. ^offtspondlng parts^of con- 
gruent triangles are coogruent . 



^iT^theprem enables, us to iwke a geometrical ;constnietl/n for bisecting 




In problem'a- of IThe prebfdlng exerclW set we saw how to- construct a rhonfcus 
iflth two sides on the tays* AB and \AC* \ J 

. .. 




if . we 'perf orm this coi^structlon then V^e above theorem t^s that -the diagonal 
JE of this rhQDibus , bisects ZBAC. \ ;. ^ 



ERIC 



in actdkl practice, we. do not actually draw th6 Q^n^lete rhombus. 
j^oce'ea as fo^pws.' ' ^ / 




•If 



Wi;th A. as a center we dAw a cir9ular arc cutting rays AB and AC at R 
and S, using, any convenient radius. 



« .... I* 




. With the same* radius and points R andV-S as centers w^e draw intersecting , 



. circular* like 'this 




' Then we draW tl?p dla^^l to ■bisect 7BAC. It'*is unnecessary to drfiv the , 

jDtW two ^^des of- the rhombus i Wit and CT. ■ ~ . .. . ^ 



ERIC 



;''8-lU." A Usefal Property of the Rhombus ' ' \ ' , • 

/ In the previous section we have seen how it property X>f^the rhombus' 
enatj^id^!^*' fo ^cievis^ a simple method ofytflsectljafe an angle. - In this section' ^ 
we will beSome acquainted with another property of the rhombus which will have 
even (riche^.aj^icat ions. ■ •* ^ * ' ■ * 

Jhfe diagonals of a rhombus are perpendicular bisectors of each other. 
* "Given: ABCD is a rhombus" ' ■ 



prove: BE = ED 



AE = CE_ ^ 

BD 1 AC 




'y I. 



Statements 
= BC 




Proof 



Reasons 



14 



i 



1, All sides of a rhibmbus are 

■ ■ ■ . ■ . • • \ 

, congruent . ' . ■/ • n 

2, .-A segment ^is congruent to itselfv. \ 

3, , A diagonal c3f a rhombus bM^ects ^ . 
the ^g^^ rhombus at 

! ^ach of its endpointsV 

H. . SAS property of _ cojjgruence. ^ 

^^5. ■. Corresponding pa;:'ts of c.ongruBnt ' 
triangles'are cowgruent. . ^* 



6. /AEB and /CEB have the same 

« S » o 

^ ^ ' . measure and the sura of the^r 

3r ^ I ^ measures is l8o. 

■ ^ 7. ;y"VAEJB is^^ right angle. 

^ -^'^ ■ - 1^' _ • ' * ' * ' ^ 

S In order to prove' thay-.BE ="DE wq ca;r^hoH ^hat /sME = ADAE. This ^ 
■■ ■ * . • ' . . . i ■ 

\ t^l-eft as an .exercise-f or ^he. student-.^ :^ ^ . ^' 



■ > 



( 



■9,9 ■ 



1 



Ve may now. use this property of rhombuses to xo&ke nyaiw constructions 
..^^ 'involving^ perpendicular 8.- Fo'r example, in problem 1' of. thaf last • exercise 
/^>set yoa constructed a r)iombu8 with opposite vertices at twp^ven points^. A 
•' ''*^and B. ' 'Ve now see that the line* through the other two vertices of this v 




J rhombus is the perpendiculef^:" tisec4«o j* of AB, that is, AE*= EB and CD J_ jfiS- 
' Is it necessary to draw the rhombus in order to perform this construction? 
Study the . construction .belo\/ ar 




(Class Discussion) 



fJevise . methods for performing^he .cjDnst ruction 3 belo^. The sfcliition 
f each op the . problems involves one^of the ^gjpnsliruct^ons already made 
in Exercises 8-13. For each, problem identify which of- the constructions 
■ in '-fttercises 8- 13 should be uped in solving the problem and explain 



\\\ 



why this construction gives the desired result. 



1. 



C©nstruct a line through .a given 
point, C, which i§ ' perpendicular 
Jo a given lilie, i , (C is ^ ' 
not on ■ i*; ) 

Satae as (l) except that point 
C 1$ on jg. 



. C 




r 
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3. • C is appoint not on the line 
. i-. Construct the reflection of 
C in i. That is,- construct 
a point E so that CE is 
perpendicular to i and so 
I that i bisects CE. Why is ■ 
E ■ called the reflection of .. 
C in i*? ■ 



8 



5^5. A 



A Shortest Path l^roblem 



One day after .school some boys wanted tp play baseball" but they didn't 
have enough players so th^ invented a new version of the game. They used 
tw'o boxes '^d a. straight line, as shown in Figure 22, «• > . 



A'' 



.B 



P 



/ 



* ^^^^ ' 



-Vx. 



The batter stood at the plate, Pi and hit a pitchedNmll. 'Then'he had. to 
run from the. pl^te P to the. base. B, /touching the /lini^ CP t)ie way.^ 
He scored a run if he. arrived at B" before the opposing t^am could "force 
him by" returning the bail to th^' base B. ' 

• •• • • ^-^ , : * J ' ■■ ^ ... 

' After the better htfthe, balVhe would .run in a straight line. path 
to some point S on CD^ and thefi^ a straight line path from S. to' 'B. 
There are many ways 'of doing this -."depending 'on. the choice -of the.poir^ S 
One way is shown Jbelow. ■ . ^ 




101 



Naturally, the runner wishes' to choose the poiAt S so as to obtain ■ 

a path as short- as possible. But hpw is he to do this? Is there a way in ^ 

Uhich we can'use pur knowledge of* geometry to' locate the point which . 

• ■ , / ■ • , 

yields .the .Shortest path? • ' t ' • 

• JPirfet/ let JOS note .tha;t the difficulty in. the i)roblem occurs because 
P and' B .are on the game side of the line CD. Consider,, for example, 
the corresponding. problem of going f rom^ P : to A touching the line c5. 



• B • 




In this case, segment 'PA constitutes the soli^ion of the problem 

since, of necessity, it crosses c5.. The point at which the runner touches- * 

CD is. tften the point of intersectioh of CD tod PA* But can^we use this 

simple idea 't6*solA the original 'problem? The fact is that we can^ 
• ' * .■ 

r First. Of all, find the reflection, .B», of the point B in the line 
■ Cu,^ as shown' in Figure 23.- ' • . • • * 



/ 



■ > — ■ ' ' Figure 23 ■ ..f. ' 

y ■ ^ . . • , ■ 

• ' _ ' ^ o _ ^ _ . . . • , 

That is, BB* 1 CD' and- BX = ©'X., We leamed'how to make this construction 

ii} our work on l^he . rhombus . ' Now select any point. S \ pn CT)\ and. draw the 

segments -PS;, SB And SB'.. By use of congruent triangles we can show that 



;SB . SB». 



WHich^are tl)e^ congruent triangles in this figure?' - 



ThuB the length of the path from .'P to' S» to B, which \8 + mSB-, 

4 is the same as the length of 'the path, from P to S, to. B*,, which is 
mPS + inSB*.- THUs *he choice of § ^that yields the Shortest path from P.- 
to *S — ^to B • is^he same as the point S that gives t'he shortest- pat IJ, from 
P to S* to B' . But we have- already seen which choice of S yields t\;9 
shortest path from P to' S to \» . What is it? 



The problem presented here Is merely one of a large, class of matheraati 
cal problems dealing with the shortest, pa,th satisfying certajln. conditions . 
A number of such problems ca»-be solved using the sort of reflection > 
principle" Just employ^i^ ' 

• ' Exercises 8-1^ ■. . 

V^l. Express in writing' the congruence -whidh holds between the triangles 
of Figure ^h. Explain why- these tivifitngles are congruent. Explain 
why SB = SB». . ■. * . . .' 

2. How do we locate the point S so that mPS + mSB' is as short e^b 

■■■ poss'i^lfe? Draw the completed figure, locating the correct position 

pf|this point S and showing the shortes^t path from P to .B', 
which touches thef Tine 5d. . 



On a billiard table three balls at points 'E, ■ F, G lie in a 
'Straight line^. We wish to' strike the ball oft E with our cue so 
that it will strike tlje ball at G withoutN?iitting- the ball at F; 




To do this it will be necessary to boujice the ball off an edg^e of^ • 
the table, say edge HJ. It is a principle of physics' that, when a'^.) 



ball l}ounces off euch an edge the "angle of reflection^ is congruent, 

i ^ * ■ 

to, the "angle* of incidence", * ■ ^ . 



path of, ball 



* angle of incidence 




angle 'of refleojbion 



Give a geometrical consj:ruction to determine the path which the ball 
at point E must travel. [ Hint ; In problem 2 show that" 
ZPSC = ZBSD.] 



BRAINBUSTER . On a billiard table* we wish to strike a ball at »point 
E so that itWill bounce off edges HJ - and :JK and t^ien hit^a"- 
ball at point F * as shown C ' V *' . 



\ > 

/V/ ■ 



K 



* • ■ % . ^ Figure 25 / ^ ' . . 

■'V- ■ •, 

..by the dashed line in Figure 25, (Oh each .bounce the angle of 
incidence- must be cAngruept to. the angle of reflection. ) Find a^ 
geometriqal construction for the path that the ball at point 

■ must fraj^el. [ Hint ; Use the reflexion principle twice,] . • 
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Su mmary - . . ' * • 
•% * 

.aectfon-8»2. -x. . ^^ * _ • 

Vor\ny^ segments AB .artd ' oE, ' 4?. mAB = rnQD then AB = CD, 

Also if AB =;CD then = mCD. • ^ ' ^ ^ 

Vo/Tny angles 'zABG and ZRST, if m^ABC = m/RST ' then 



ZABC 



= ZRST. -Also if ZABC = ZRST then mZABC 



mZRST, 



Section 8-3* 



Let B /e between A and C, and ?S be between R and^ T,^ 



If AB = RS and BC = ST, then AC = RT; 

— ^ — . 

then AB - RS. . , ^ 



If . AO = RT, and BC = ST, 



B 



■Section 




Two angles are called adjacent when 
(a) they have a 'cbnimon vertex. 



(b) they have a common ray or side, ahd 

(c) . their Interiors do not overlap. 

Let ZABD and ZCBD be adjacent and let^ ZSOT* and 4QBT be 
adjacent Wles. (Points A, . B,, arid C, and likens e- points 



Q, R, and S are nbn-collinear. ) 




* If ZABD = ZSRT" and ZCBD = ZQRT . then ZABC = ZQBS. 
If ^^ABC =./QBS and ZCBD = ZQRT "then ZABD =.ZSRT. 

On a" line Sb- if C is between A and B, and ray cB is • 
• not on. the line, then mZACD. "+ mZBCD = l80. 

The two pairs of non-adjacent angles formed by two intersecting 
lines are called vertical' angles. 

Any pair of -vertical angles are congruent. , 
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Sectlon " v8«5> '\ - . 

K SAS Congyuence Property : 

} i * ' "^-^ ■ 

. • If two sides and the included , angle of one triangle 

have the same measures as ^o sides^ emd the included^ angle of 
another triangle, then the ^wo triaiigles are congruent. 



ASA Congruence Property ; * . • 

; If two angles and the included side of one triangle have 

the same measures as two angles and the included side of another 

triangle, then the triangles are congruent. , 

' . V . \ ■ 

SSS Congruence Property ;i ' * 

If three Elides of one triangle have the same measures as 
\^ the three sides of eme^her triangle, then the triangles are ^ 
c ortgruent . . > 

Section 8-6> ' . ^ 

The corresponding vertices of two triangles are shown by a - ' 
cqngruence statement as follow*. 

Colfcbsponding Vert'lces * , 



= AKJL ^ ^ ; A -^K 

B J 
C 



Thus a congruence statement gj.ves us six facts a V once, as^ shown 

below. * ' X . , * ' ► . v 

AABC = AfCJT/. 

Corresponding Sides ^ Corresponding Angles 

";AB = KJ ^ ' . \ / /A = ^ 

. /ac i m - ^ \ ' ' ^s.= ■ . ' ' 

BC = JL ' , . • ZC = IL, n 

Section S-T. * • . ' - 



A triangle which has. at least two Congruent sides is called an 
isosceles 'triangle. 

A triangle whose three sides are congrUfent is called an 
equilateral triahgle. . 



■ Section 8-8. ^ ' . ' T ' - 

^ TVo. figures in the same- plane are congruent may Ipe poade to . 

coincide by /a motion. ^ ' ' ^ 

There are three types of .motion: slides,, turns, and: flips, 
A combination of these .motions will describe. any motion, ' 

Section 6'9.. r^* . . ' 

Two congruent figures in the .game piftne have the same orientation 

whenever they can be made to- coincide without a. flip. ' , ■ 

> ■ ■ ' . ■ ' 

Section . 8-11. ■ . ' 
• ' , A point B is called the midpoint of AC if B is^ between ' ^ 

A and C, and mAB = ra^C. . v 

■ -A ray W bisecl^s ZABC if D*' is in the interior of ZABC* . 

and 'ZABf).= /CBD, 
' A line, i and a line m are perpendicuiar if they form a 

right angle, 
' / ^ * 

Section 8-12, ■ ■ ' ■ 

■ ■ ■ Isosceles Triangle Theorems : ' ■ • ' ' y/} 

If .two sides of a triangle are Congruent, then the angles 
opposite those sides are congruent, 

If two ajigles of a triangle are congruent, then the sides 
opposite those angles are congruent-, *■ ■ ' ■ 

■ ■ ■ . '.: ■ ' ■ ^' 0' 

Section 8-13 > _ ' 

A diagonal of a rhombus' bisects the angle of th^ rhombus at^each^ 

of . its endpoints, ■ . 
Section 8-lU. 

The diagonals of a rhombus are perpendicular ^±)isectors of each 
other. ■. • ' 

Section 8-13* 

For two points P-^and A /. on the' same side of a liije £, the 

shortest , path from.P to A touching, line Z may be foimd" using. . . 

. ■ . ■■ ■ i. 

the reflection principle. ' * ... 
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